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Abstract. We construct explicit left invariant quaternionic contact structures on Lie groups with zero and 
non-zero torsion, and with non- vanishing quaternionic contact conformal curvature tensor, thus showing the 
existence of quaternionic contact manifolds not locally quaternionic contact conformal to the quaternionic 
sphere. We present a left invariant quaternionic contact structure on a seven dimensional non-nilpotent Lie 
group, and show that this structure is locally quaternionic contact conformal to the fiat quaternionic contact 
structure on the quaternionic Hciscnbcrg group. On the product of a seven dimensional Lie group, equipped 
with a quaternionic contact structure, with the real line we determine explicit complete quaternionic Kahlcr 
metrics and .Spm^-holonomy metrics which seem to be new. We give explicit complete non-compact 
eight dimensional almost quaternion hermitian manifolds with closed fundamental four form which are not 
quaternionic Kahlcr. 
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1. Introduction 

It is well known that the sphere at infinity of a non-compact symmetric space M of rank one carries 
a natural Carnot-Carathcodory structure (see [51, 54]). Quatcrnionic contact structures were introduced 
by Biquard in [7, 8], and they appear naturally as the conformal boundary at infinity of the quatcrnionic 
hyperbolic space. Such structures are also relevant for the quatcrnionic contact Yamabc problem which is 
naturally connected with the extremals and the best constant in an associated Sobolev-type (Folland-Stein 
[25]) embedding on the quaternionic Heisenberg group [58, 38, 39]. 

A quaternionic contact structure (qc structure) on a real (An + 3)-dimcnsional manifold M, following 
Biquard, is a codimension three distribution H locally given as the kernel of a R 3 -valucd 1-form r) = 
f?2) 773)1 such that, the three 2-forms drjila are the fundamental forms of a quatcrnionic structure on 
H. The 1-form 77 is determined up to a conformal factor and the action of SO (3) on R 3 , and therefore 
H is equipped with a conformal class [g] of Ricmannian metrics. The transformations preserving a given 
quatcrnionic contact structure 77, i.e. fj = fi^br) for a positive smooth function fx and a non-constantS'0(3) 
matrix 'J are called quaternionic contact conformal (qc conformal for short) transformations. If the function 
fj. is constant we have quaternionic contact homothetic ( qc-homothetic ) transformations. To every metric 
in the fixed conformal class [g] on H one can associate a linear connection preserving the qc structure, see 
7], which we shall call the Biquard connection. The Biquard connection is invariant under qc homothetic 
transformations but changes in a non-trivial way under qc conformal transformations. 

The quaternionic Heisenberg group G (H) with its standard left-invariant qc structure is the unique (up 
to a 50(3)-action) example of a qc structure with flat Biquard connection [40]. The quaternionic Cayley 
transform is a quaternionic contact conformal equivalence between the standard 3-Sasakian structure on the 
(An + 3)-dimcnsional sphere S' 4n+3 minus a point and the flat qc structure on G (H) [38]. All qc structures 
locally qc conformal to G (HI) and S 4n+3 are characterized in [40] by the vanishing of a tensor invariant, the 
qc-conformal curvature W qc defined in terms of the curvature and torsion of the Biquard connection. 

Examples of qc manifolds arising from quatcrnionic Kahlcr deformations arc given in [7, 8, 21]. A totally 
umbilic hypersurfacc of a quaternionic Kahlcr or hyperKahler manifold carries such a structure. A basic 
example is provided by any 3-Sasakian manifold which can be defined as a (An + 3)-dimensional Ricmannian 
manifold whose Riemannian cone is a hyperKahler manifold. It was shown in [38] that the torsion endo- 
morphism of the Biquard connection is the obstruction for a given qc-structure to be locally qc homothetic 
to a 3-Sasakian structure provided the scalar curvature of the Biquard connection is positive. Duchemin 
shows [21] that for any qc manifold there exists a quaternionic Kahler manifold such that the qc manifold 
is realized as a hypersurface. However, the embedding in his construction is not isometric and it is difficult 
to write an explicit expression of the quatcrnionic Kahler metric except the 3-Sasakian case where the cone 
metric is hyperKahler. 

One purpose of this paper is to find new explicit examples of qc structures. We construct explicit left 
invariant qc structures on seven dimensional Lie groups with zero and non-zero torsion of the Biquard 
connection for which the qc-conformal curvature tensor does not vanish, W qc 7^ thus showing the existence 
of qc manifolds not locally qc conformal to the quaternionic Heisenberg group G (H) . We present a left 
invariant qc strucutre with zero torsion of the Biquard connection on a seven dimensional non-nilpotent 
Lie group G\. Surprisingly, we obtain that this qc structure is locally qc conformal to the flat qc structure 
on the two-step nilpotent quaternionic Heisenberg group G (H) showing that the qc conformal curvature is 
zero and applying the main result in [40]. Consequently, this fact yields the existence of a local function 
/j, such that the qc conformal transformation fj = ut] preserves the vanishing of the torsion of the Biquard 
connection. 

The second goal of the paper is to construct explicit quaternionic Kahler and 5pm(7)-holonomy metrics, 
i.e metrics with holonomy Sp(n)Sp(l) and Spin(7), respectively, on a product of a qc manifold with a real 
line. We generalize the notion of a qc structure, namely, we define Sp(n)Sp(l)-hypo structures on a (4n + 3)- 
dimensional manifold as structures induced on a hypersurface of a quaternionic Kahler manifold. We present 
explicit complete non-compact quatcrnionic Kahler metrics and Spm(7)-holonomy metrics on the product 
of the locally qc conformally flat quatcrnionic contact structure on the seven dimensional Lie group G\ with 
the real line some of which seem to be new, see Section 5 and 6. 
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It is well known that in dimension eight an almost quaternion hermitian structure with closed fundamental 
four form is not necessarily quaternionic Kahler [56]. This fact was confirmed by Salamon constructing in [55] 
a compact example of an almost quaternion hermitian manifold with closed fundamental four form which 
is not Einstein, and therefore it is not a quaternionic Kahler. We give a three parameter family of explicit 
complete non-compact eight dimensional almost quaternion hermitian manifolds with closed fundamental 
four form which are not quaternionic Kahler. Wc also check that these examples are not Einstein as well. 

To the best of our knowledge there is not known example of an almost quaternion hermitian eight 
dimensional manifold with closed fundamental four form which is Einstein but not quaternionic Kahler. 

In dimension four, we recover some of the known hyper Kahler metrics known as gravitational instantons 
(Bianchi-type metrics). Furthermore, we give explicit hyper-symplectic (hyper para Kahler) metrics of 
signature (2,2). A hyper symplectic structure in dimension four underlines an anti-self-dual Ricci-flat neutral 
metric. For this reason such structures have been used in string theory [53, 36, 43, 3, 37, 13] and integrable 
systems [22, 4, 23]. Our construction gives a kind of duality between hyper Kahler and hyper para Kahler 
structures in dimension four. 

Convention 1.1. 

a) We shall use X,Y,Z,U to denote horizontal vector fields, i.e. X,Y,Z,U £ H; 

b) {ei, . . . , e4„} denotes a local orthonormal basis of the horizontal space H ; 

c) The summation convention over repeated vectors from the basis {ei, . . . ,et± n } is used. For example, 
the formula k = P(e b , e a , e a , e b ) means k = Yld!b=i p i e b, e a, e a , e b ). 

d) The triple (i,j,k) denotes any cyclic permutation of (1,2,3). 

e) s will be any number from the set {1,2,3}, s € {1,2,3}. 

Acknowledgments We thank Charles Boyer for useful conversions leading to Remark 3.1 and Dieter 
Lorenz-Pctzold for several comments on the Bianchi type solutions. 

The research was initiated during the visit of the third author to the Abdus Salam ICTP, Trieste as a Senior 
Associate, Fall 2008. He also thanks ICTP for providing the support and an excellent research environment. 
S.I. is partially supported by the Contract 082/2009 with the University of Sofia 'St.Kl.Ohridski'. S.I and 
D.V. are partially supported by Contract "Idei", DO 02-257/18.12.2008. This work has been also partially 
supported through grant MCINN (Spain) MTM2008-06540-C02-01/02. 

2. Quaternionic contact manifolds 

In this section we will briefly review the basic notions of quaternionic contact geometry and recall some 
results from [7], [38] and [40] which we will use in this paper. 

2.1. qc structures and the Biquard connection. A quaternionic contact (qc) manifold (Af, g,Q) is a 
4?i + 3-dimensional manifold M with a codimension three distribution H satisfying 

i) H has an Sp(n)Sp(l) structure, that is it is equiped with a Ricmannian metric g and a rank- 
three bundle Q consisting of (l,l)-tensors on H locally generated by three almost complex struc- 
tures 7i, l2,h on H satisfying the identities of the imaginary unit quaternions, I1I2 = —hh = 
I3, I1I2I3 = ~id\ H which are hermitian compatible with the metric g(I s .,I s .) = g(.,.),s = 1,2,3, 
i.e., H has an almost quaternion hermitian structure. 

ii) H is locally given as the kernel of a 1-form r\ = (771 , 772 , ^3) with values in R 3 and the following 
compatibility condition holds 2g(I s X,Y) = drj s (X, Y), s = 1,2,3, X, Y e H. 

A special phenomena here, noted in [7], is that the contact form r\ determines the quaternionic structure 
and the metric on the horizontal distribution in a unique way. 

Correspondingly, given a quaternionic contact manifold we shall denote with rj any associated contact form. 
The associated contact form is determined up to an S'0(3)-action, namely if ^ £ £0(3) then ^77 is again a 
contact form satisfying the above compatibility condition (rotating also the almost complex structures). On 
the other hand, if we consider the conformal class [g] on H , the associated contact forms are determined up 
to a multiplication with a positive conformal factor fi and an S'0(3)-action, namely if 'F S SO(3) then fi^rj 
is a contact form associated with a metric in the conformal class [g] on H. A qc manifold (A/, g, Q) is called 
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qc conformal to (M, <?,Q) if g G [g]. In that case, if fj is a corresponding associated 1-form with complex 
structures I s , s = 1,2,3, we have fj = fi^rj for some ^ € 50(3) with smooth functions as entries and a 
positive function /i. In particular, starting with a qc manifold (M, 77) and defining fj = /irj we obtain a qc 
manifold (M, 77) qc conformal to the original one. 

If the first Pontryagin class of M vanishes then the 2-sphere bundle of R 3 -valued 1-forms is trivial [1], 
i.e. there is a globally defined form 77 that anihilates H, we denote the corresponding qc manifold (M, 77). In 
this case the 2-sphere of associated almost complex structures is also globally defined on H. 

Any endomorphism of H decomposes with respect to the quaternionic structure (Q, g) uniquely into 
5p(n)-invariant parts as follows \I r = <I/+++-|-<lH -f v]/ 1 + xj> ^ where <!<+++ commutes with all three 
Ii, \IP commutes with Ii and anti-commutes with the other two and etc. The two 5p(n)5p(l)-invariant 
components are given by ^[31 = ^[-1] = ^ + ^ 1 + ^ ^ Denoting the corresponding (0,2) 

tensor via g by the same letter one sees that the S'p(n)S'p(l)-invariant components are the projections on 
the eigenspaces of the Casimir operator f = I\ ® I\ + I 2 <8> h + h ® h corresponding, respectively, to the 
eigenvalues 3 and —1, sec [ ]. If n = 1 then the space of symmetric endomorphisms commuting with all 
Ii, i = 1, 2, 3 is 1-dimensional, i.e. the [3]-component of any symmetric endomorphism '5 on H is proportional 
to the identity, *[ 3 ] = tr< ^> Id\ H . 

On a quaternionic contact manifold there exists a canonical connection defined in [7] when the dimension 
(4?i + 3) > 7, and in [20] in the 7-dimensional case. 

Theorem 2.1. [7] Let (M,g,Q) be a quaternionic contact manifold of dimension An + 3 > 7 and a fixed 
metric g on H in the conformal class [g] . Then there exists a unique connection V with torsion T on M 4,i+3 
and a unique supplementary subspace V to H in TM , such that: 

i) V preserves the decomposition H ® V and the metric g; 
ii) for X, Y e H, one has T(X, Y) = ~[X, Y\ v ; 

Hi) V preserves the Sp(n)Sp(l) structure on H, i.e. X7g = 0, Vcr € T(Q) for a section a e r(Q); 
iv) for £ g V, the endomorphism T(£, Xjj of H lies in (sp(n) © sp(l)) _L C gl(An); 

v) the connection on V is induced by the natural identification tp of V with the subspace sp(l) of the 
endomorphisms of H , i.e. V95 = 0. 

In iv), the inner product <, > of End(H) is given by < A, B >= Yn=i 9(M e i)i B ( e i))i I0r A B £ End(H). 
We shall call the above connection the Biquard connection. Biquard [7] also described the supplementary 
subspace V, namely, locally V is generated by vector fields {£1,^2, £3}, such that 



where j denotes the interior multiplication. The vector fields £i,£2 ) £3 are called Reeb vector fields. 

If the dimension of M is seven, there might be no vector fields satisfying (2.1). Duchemin shows in 
[20] that if we assume, in addition, the existence of Reeb vector fields as in (2.1), then Theorem 2.1 holds. 
Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2.1). 

Notice that equations (2.1) are invariant under the natural 50(3) action. Using the triple of Reeb vector 
fields we extend g to a metric on M by requiring span{£i, £2, £3} = V _L H and s(£s, £fc) = S s k- The 
extended metric does not depend on the action of SO(3) on V, but it changes in an obvious manner if 
i] is multiplied by a conformal factor. Clearly, the Biquard connection preserves the extended metric on 
TM, V.9 = 0. 

The covariant derivative of the qc structure with respect to the Biquard connection and the covariant 
derivative of the distribution V are given by 

(2.2) V/, = -otj <g> I k + a k ® Ij , = -aj ®£ k +a k ® & , 

where the sp(l)-connection 1-forms a s on H are given by [7] 



(2.1) 



»7s(£k) = S sk, 

(6-irf%)|J? 



(£,s-idn s ) lH = 0, 



(2.3) 



a i (X)=dr 1k (t j ,X) 



d Vj (Z k ,X), XeH, &eV, 
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while the sp(l)-connection 1-forms a s on the vertical space V are calculated in [38] 

(2.4) Oi(&) - drisfo,^)- S ts (f + 5 6) + <m&,&) + ^ 3 (a,6)) 

where s G {1,2,3} and 5* is the normalized qc scalar curvature defined below in (2.5). The vanishing of the 
sp(l)-conncction 1-forms on H implies the vanishing of the torsion endomorphism of the Biquard connection 
(see [38]). 

The fundamental 2-forms u>i,i = 1,2,3 [7] are defined by 2uj,i\H = drji\H, = 0, £ G V.The 

properties of the Biquard connection are encoded in the properties of the torsion endomorphism T^ = 
X(£, •) : 77 — > 77, £ G V. Decomposing the endomorphism X^ G (sp(n) + sp(l)) into its symmetric part 
T° and skew-symmetric part b^,T^ = + b^, O. Biquard in [7] shows that the torsion X^ is completely 
trace-free, trT ( ^trT ( oI^0, 7 G Q, its symmetric part has the properties T|> I { = -IiTf? h (T9 ) + — = 
7 1 (T| ) i )-+-, I 3 (T^)-+- = 7 2 (T° 2 )— +, 7i(I*)— + = 7 3 (T° 3 )+— and the skew-symmetric part can be 
represented as 6^ = I^w, where w is a traceless symmetric (l,l)-tensor on 77 which commutes with I±, 7 2 , 7 3 . 
If n = 1 then the tensor u vanishes identically, u = and the torsion is a symmetric tensor, X^ = X^°. 

Any 3-Sasakian manifold has zero torsion endomorphism, and the converse is true if in addition the 
normalized qc scalar curvature S (see (2.5)) is a positive constant [38]. We remind that a (4n+3)-dimensional 
Ricmannian manifold (M, g) is called 3-Sasakian if the cone metric g c — t 2 g + dt 2 onC = M x M+ is a hyper 
Kahler metric, namely, it has holonomy contained in Sp(n + 1) [10]. A 3-Sasakian manifold of dimension 
(4n + 3) is Einstein with positive Riemannian scalar curvature (4n + 2)(4n + 3) [45] and if complete it is 
compact with a finite fundamental group, due to Mayer's theorem (see [!■)] for a nice overview of 3-Sasakian 
spaces). 

2.2. Torsion and curvature. Let R = [V, V] — V[ . ] be the curvature tensor of V and the dimension is 
An + 3. We denote the curvature tensor of type (0,4) by the same letter, R(A, B, C, D) := g(R(A, B)C, D), 
A,B,C,D G r(XM). The Ricci 2-forms and the normalized scalar curvature of the Biquard connection, 
called qc-Ricci forms and normalized qc-scalar curvature, respectively, arc defined by 

(2.5) 4n Ps (X,Y) = R(X,Y,e a ,I s e a ), 8n(n + 2)S = R(e b , e a , e a , e b ). 
The sp(l)-part of R is determined by the Ricci 2-forms and the connection 1-forms by 

(2.6) R(A,B,Ci,^) = 2p k (A,B) = (da k + a, t A atj)(A, B), A, Be T(TM). 
The structure equations of a qc structure, discovered in [41], read 

(2.7) 2uj 1 = dr)i + rjj A a k - n k A ctj + Srjj A n k 
and the qc structure is 3-Sasakian exactly when 

(2.8) 2ui = drji - 2r/j A -n k , 

for any cyclic permutation (i,j,k) of (1,2,3). The two 5p(n)5p(l)-invariant trace-free symmetric 2-tensors 
T°,U on 77 arc introduced in [38] as follows T°(X,Y) d = g((T^h + X° 2 7 2 + T^I 3 )X,Y), U(X,Y) d = 
g(uX,Y). The tensor X° belongs to the [-l]-eigenspace while U is in the [3]-eigenspace of the operator f, 
i.e., they have the properties: 

T°(X, Y) + X°(7iA, I\Y) + T a (I 2 X, I 2 Y) + T°(I 3 X, 7 3 T) = 0, 
U(X,Y) = U{hX,hY) = U(I 2 X,I 2 Y) = U(I 3 X,I 3 Y). 

In dimension seven (n — 1), the tensor U vanishes identically, U = 0. 
We shall need the following identity taken from [40, Proposition 2.3] 

(2.10) 4g{T°{Z s ,I s X),Y) = T°(X,Y) - T°(I S X,I S Y) 

The horizontal Ricci 2-forms can be expressed in terms of the torsion of the Biquard connection [38] 
(see also [39, 40]). We collect the necessary facts from [38, Theorem 1.3, Theorem 3.12, Corollary 3.14, 
Proposition 4.3 and Proposition 4.4] with slight modification presented in [40] 
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Theorem 2.2. [38] On a (An + 3)- dimensional qc manifold (M,rj,Q) the next formulas hold 

2p s (X,I s Y) = -T (X,Y)-T°(I s X,I s Y)-AU(X,Y)-2Sg(X,Y), 
T(ti,Z s )=-St k -[t i ,Z j ]H. 

The vanishing of the trace-free part of the Ricci 2-forms is equivalent to the vanishing of the torsion endo- 
morphism of the Biquard connection. In this case the vertical distribution is integrable, the (normalized) qc 
scalar curvature S is constant and if S > then there locally exists an SO(3)-matrix ^ with smooth entries 
depending on an auxiliary parameter such the (local) qc structure (^^n, Q) is 3-Sasakian. 

If dimension is bigger than seven it turns out that the vanishing of the torsion endomorphism of the 
Biquard connection is equivalent the 4-form CI = u>i A cJi + u>2 A u>2 + u>3 A lo% to be closed [41]. 

2.3. The qc conformal curvature. The qc conformal curvature tensor W qc introduced in [40] is the 
obstruction for a qc structure to be locally qc conformal to the flat structure on the quatcrnionic Heisenberg 
group G (H) . In terms of the torsion and curvature of the Biquard connection W qc is defined in [40] by 

lr 



2 

s=l s=l 



(2.12) W qc (X, Y, Z,V) = - [R(X, Y, Z,V)+Y, R&X, I S Y, Z, V) 

s=l 

3 ^ 3 

+ (g © U)(X, Y, Z, V) + ]T(u; s © I S U)(X, Y, Z, V) - - £ "s(Z, V) [t°(X, I s Y) - T°(I a X, Y) 

s=l 

3 

(g © g)(X, Y, Z, V) + © <j.)(X, Y, Z, V) 



s=l 

where I S U (X,Y) = —U(X,I S Y) and © is the Kulkarni-Nomizu product of (0,2) tensors, for example, 

(u a © U)(X, Y, Z, V) := u> s {X, Z)U{Y, V) + uj s {Y, V)U(X, Z) - u a (Y, Z)U(X, V) - u,{X, V)U(Y, Z). 
The main result from [40] can be stated as follows 

Theorem 2.3. [40] A qc structure on a (4n + 3) -dimensional smooth manifold is locally quaternionic contact 
conformal to the standard fiat qc structure on the quaternionic Heisenberg group G (H) if and only if the qc 
conformal curvature vanishes, W qc = 0. In this case, we call the qc structure a qc conformally flat structure. 

Denote Lo = + U. For computational purposes we use the fact established in [40] that W gc = 
exactly when the tensor WR = 0, where 

3 

(2.13) WR(X, Y, Z, V) = R(X, Y, Z, V) + (g © L ))(X, Y, Z, V) + ^(w s © I S L )(X, Y, Z, V) 

s=l 

1 3 

- 2 £ F ){ T °( Z > *>V) - T °(^ Z , V)}+ u s {Z, V){t°(X, I s Y) - T°{I S X, Y) - AU(X, I,Y)} 

s=l 

C 3 

+ - [(g © g){X, Y, Z, V) + £)((w a © u s )(X, Y, Z, V) + Acu s (X, Y)uj s (Z, V)) 

s=l 

We also recall that as a manifold G (H) = H™ x ImH, while the group multiplication is given by (q 1 , u)') = 
(q ,u! ) o (q,u)) = (q + q,uj + u> + 2 Im q q), where q, q a £ H™ and uj,lu 6 ImH. The stan- 
dard flat quaternionic contact structure is defined by the left-invariant quaternionic contact form = 
(0i, 02, 63) = 5 (doj — q' ■ dq' + dq' ■ q') : where . denotes the quaternion multiplication. As a Lie 
group it can be characterized by the following structure equations. Denote by e a , 1 < a < (An + 3) the basis 
of the left invariant 1-forms, and by e u the wedge product e'Ae J . The (An + 3)-dimcnsional quaternionic 
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de a 


= 0, 1 < a < An, 








dr\\ 


= de 4n+l = 2(e 12 + e 34 + ■ 


• ■ + e ( 4n " 


-3)(4n 


-2) + e (4«-l)4n 


dr) 2 


= de in + 2 = 2(e 13 + e 42 + • 


■ ■ + e ( 4 "" 


-3)(4ri- 


-1) +e 4n(4n-2) 


df]3 


= de 4n+3 = 2(e 14 + e 23 + • 


■ • + e ( 4 "" 


-3)4n 


f e (4n-2)(4n-l) 



Heisenberg Lie algebra is the 2-step nilpotent Lie algebra defined by: 



(2.14) 



3. Examples 

In this section we give explicit examples of qc structures in dimension seven satisfying the compatibility 
conditions (2.1). The hrst example has zero torsion and is locally qc conformal to the quaternionic Heisenberg 
group. The second example has zero torsion while the third is with non-vanishing torsion, and both are not 
locally qc conformal to the quaternionic Heisenberg group. 

Clearly, a qc conformally flat structure is locally qc conformal to a 3-Sasaki structure due to the local 
qc conformal equivalence of the standard 3-Sasakian structure on the An + 3-dimcnsional sphere and the 
quaternionic Heisenberg group. 

Remark 3.1. We note explicitly that the vanishing of the torsion endomorphism implies that, locally, the 
structure is homothetic to a 3-Sasakian structure if the qc scalar curvature is positive. In the seven dimen- 
sional examples below the qc scalar curvature is a negative constant. In that respect, as pointed by Charles 
Boyer, there are no compact invariant with respect to translations 3-Sasakian Lie groups of dimension seven. 

3.1. Zero torsion qc- flat-Example 1. Denote {e l , 1 < I < 7} the basis of the left invariant 1-forms and 
consider the simply connected Lie group with Lie algebra L\ defined by the following equations: 

de 1 = Q, de 2 = ~e 34 , d~e 3 = -~e 24 , de 4 = e 23 , de 5 = -2~e 14 - 2e~ 23 + e 15 + e~ 26 - g 37 , 

(3J) d~e 6 = -2e 13 - 2~e 42 + e 16 - g 25 + e 47 , de 7 = -2g 12 - 2g 34 + e 17 + i 35 - e 46 . 

Let L\ be the Lie algebra isomorphic to (3.1) described by 



de} = 0, de 2 = -e 12 - 2e 34 - -e 37 + -e 46 , 

2 2 

1 0*7 1 AX. , A 1 A ^ 1 26 

2' 2" 3 " 2~ 6 2 6 



(3.2) de 3 = -e 13 + 2 e 24 + - e 27 --e 45 , de 4 = -e 14 - 2e 23 



de 5 = 2e 12 + 2e 34 - ^e 67 , de 6 = 2e 13 + 2e 42 + ^e 57 , de 7 = 2e 14 + 2e 23 - ^e 56 . 

and ei, 1 < / < 7 be the left invariant vector field dual to the 1-forms e 4 , 1 < i < 7, respectively. We define a 
global qc structure on L\ by setting 

rjx = e 5 , ?72 = e 6 , ?/ 3 = e 7 , H = span{e}, . . . , e 4 }, 

(3 ' 3) u 1 =e 12 + e 34 , u 2 = e 13 + e 42 , lj 3 = e u + e 23 . 

It is straightforward to check from (3.2) that the vector fields £i = e$, £2 = ee, £3 = ej satisfy the Duchemin 
compatibility conditions (2.1) and therefore the Biquard connection exists and £ s are the Reeb vector fields. 

Theorem 3.2. Let (Gi,n,Q) be the simply connected Lie group with Lie algebra L\ equipped with the left 
invariant qc structure (n,Q) defined above. Then 

a) The torsion endomorphism of the Biquard connection is zero and the normalized qc scalar curvature 
is a negative constant, S = — i. 

b) The qc conformal curvature is zero, W qc = 0, and therefore (Gi,n,Q) is locally qc conformally flat. 

Proof. We compute the connection 1-forms and the horizontal Rcci forms of the Biquard connection. The 
Lie algebra structure equations (3.2) together with (2.3), (2.4) and (2.6) imply 

(3-4) ^ = (1-1)^, Pi {X,Y)= 1 -da i {X,Y) = {±-^)u> i {X,Y). 
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Compare (3.4) with (2.11) to conclude that the torsion is zero and the normalized qc scalar S = — \ and 
Theorem 2.2 completes the proof of a). 

In view of Theorem 2.3, to prove b) we have to show W qc = 0. We claim WR = 0. Indeed, since the 
torsion of the Biquard connection vanishes and S = — i, (2.13) takes the form 



(3.5) WR(X, Y, Z, V) = R(X, Y, Z, V) 

1 r 



(g © g)(X, Y, Z, V) + © F > Z ' V ) + ^(X, Y)uj s {Z, V)) 



Let A,B,C £ T(TGi). Since the Biquard connection preserves the whole metric, it is connected with the 
Levi-Civita connection V 9 of the metric g by the general formula 



(3.6) 



g(\7 A B, C) = g(V 9 A B, C) + ± \g(T(A, B),C) - g(T(B, C), A) + g(T(C, A), B) 



The Koszul formula for a left-invariant vector fields reads 



(3.7) 

Theorem 2.1 supplies the formula 



3(Vf a e b , e c ) = - g([e a , e b ],e c )) - g([e b , e c ],e a ) + g([e c , e a ],e b ) 



(3.8) 



T(X t Y) = 2^u a (X,Y)^ 



Using (3.8), (3.7), (3.6) and the structure equations (3.2) we found that the non zero Christoffcl symbols 
for the Biquard connection (defined by V ea e{, = X) c ^ab e c) are: 



i - r 1 — r 4 

1 — 1 22 — 1 23 



r 1 

1 33 



1 42 — 1 44 



-r 2 

1 21 



-r 3 

1 31 



-r 4 

1 32 



r 4 

L 41 



r 2 

1 43' 



1 



t^4 T^7 T^2 t^5 t^3 t^6 t^3 t^6 t^4 t^7 t^2 j-<5 

1 53 — 1 56 — 1 64 — 1 67 — 1 72 — 1 75 — 1 54 — 1 57 ~ 1 62 — 1 65 — 1 73 — 1 76- 



And the non zero coefficients of the curvature tensor are R(e a , e b , e a , e b ) = — R(e a , e b , e b , e a ) = 1, a, b = 
1, . . . , 4, a ^ b. Now (3.5) yields WR(e a , e b , e c , e^) = R{e a , e b , e a , e b ) — 0, when there are three different 
indices in a, b, c, d. For the indices repeated in pairs we have 

WR(e a ,e b , e a , e b ) = R(e a , e b , e a ,e b ) - -(g © g)(e a , e b , e a , e b )- 



uj s © U3 a )(e a , e b , e a , e b ) + 4uj s (e a ,e b )u s (e a ,e b ) 



1--.2- -.6 = 
8 8 



Then Theorem 2.3 completes the proof. 



□ 



3.2. Zero torsion qc- non- flat-Example 2. Consider the simply connected Lie group with Lie algebra 
defined by the equations: 



de 1 = 0, de 2 



-e 12 + e 34 , 



(3.9) 



de 5 = 2e 12 + 2e 34 + e 37 - e 46 



de 3 
1 



1 

—e~ 
2 



13 



de 4 = - V 4 , 



67 



de* = 2e 13 - 2e M - -e 
2 



27 



„57 



de 1 = 2e 



14 



2e 



23 



1 



e 26 - e 35 



1 



,56 



2 4 
A global qc structure on L2 is defined by setting 



(3.10) 



'/2 



'/■'S 



6 = £5, 6 = e 6 , 6 



e7, 



= span{e , . . . , e 4 }, wi = 



,,34 



^ 2 = e 13 + e 42 



^ = e 14 + e 23 , 



It is straightforward to check from (3.9) that the triple {£i,£2,£3} forms the Reeb vector fields satisfying 
(2.1) and therefore the Biquard connection do exists. 
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Theorem 3.3. Let (G^,^, Q) be the simply connected Lie group with Lie algebra L2 equipped with the left 
invariant qc structure (r), Q) defined above. Then: 

a) The torsion endomorphism of the Biquard connection is zero and the normalized qc scalar curvature 
is a negative constant, S = — 

b) The qc conformal curvature is not zero, W qc ^ and therefore (G2, rj, Q) is not locally qc conformally 
flat. 

Proof. We compute the connection 1-forms and the horizontal Ricci forms of the Biquard connection. The 
Lie algebra structure equations (3.9) together with (2.3), (2.4) and (2.6) imply 

1 O f 1 S h. -3 f 1 S , A j 1 S 

a i = ~o e -(o+Tt) 7 ?!, "2 = -e -(r + irWa, a 3 = -e - (- + -)r? 3 , 

^ Z o Z o Z o Z 

Compare (3.11) with (2.11) to conclude that the torsion is zero and the normalized qc scalar S = —\. 
Theorem 2.2 completes the proof of a). 

In view of the proof of Theorem 3.2, to get b) we have to show WR{e\,e2, 63, e^) = R[e\, e2, e 3 , e^) 7^ 0. 

Indeed, using (3.8), (3.7), (3.6) and the structure equations (3.9) we found that the non zero Christoffcl 
symbols for the Biquard connection are 



p4 p3 p7 p6 p4 p2 p7 p5 p3 p2 p6 p5 

« — 1 53 — 1 54 — 1 56 — 1 57 — 1 62 ~ 1 64 ~ 1 65 — 1 67 ~ 1 72 ~ 1 73 " 1 75 ~ 1 76' 



de 1 


= e 13 -e 24 ; d~e 2 


= e 14 - 


fe 23 ; 


di a = de 4 = 


de 5 


= -2~e 12 - 2g 34 - 


!-17 

2 6 + 


1-26 
2 


_ g35 _ lg67. 

8 ' 


d£ 6 


= _ 2 g 13 + 2g 24 - 




1 p47. 
2 ' 




de 7 


= -2g 14 - 2g 23 - 


r 37 " 







-i p2 pi p4 p3 p3 p4 pi p2 p4 p3 p2 pi 

1 — 1 21 — 1 22 — 1 23 — 1 24 ~ 1 31 ~~ 1 32 — 1 33 _ 1 34 ~ 1 41 ~ 1 42 — 1 43 — 1 44; 

1 

2 

and then R(e±, e2, e3, 64) = — | 7^ 0. Theorem 2.3 completes the proof. □ 
3.3. Non-zero torsion qc-non-flat-Example 3. Consider the Lie algebra defined by the equations: 



(3.12) 



Let £3 be the Lie algebra isomorphic to (3.12) described by 

de 1 = --e 13 + -e 24 - -e 25 + ^e 36 - -e 47 + -e 57 , 
2 2 4 4 4 8' 

de 2 = --e 14 - -e 23 + -e 15 + -e 37 + -e 46 - ^e 56 , 
2 2 4 4 4 8' 

( 3 ' 13 ) de 3 = 0, de 4 = e 12 + e 34 + ^e 17 - ^e 26 + -U 67 , 

d e 5 = 2 e 12 + 2 e 34 + e 17 - e 26 + ie 67 , 

de 6 = 2e 13 + 2e 42 + e 25 , de 7 = 2e 14 + 2e 23 - e 15 . 

and e/, 1 < I < 7 be the left invariant vector field dual to the 1-forms e l , 1 < i < 7, respectively. We define a 
global qc structure on L3 by setting 

m = e 5 : V2 = e 6 , 773 = e 7 , £ x = e 5 , £2 = e 6 , 6 = e 7 , 
( } M=span{e\...,e 4 }, Wl =e 12 +e 34 , w 2 = e 13 + e 42 u 3 = e 14 + e 23 , 

It is straightforward to check from (3.12) that the triple {^1,^2,^3} forms the Reeb vector fields satisfying 
(2.1) and therefore the Biquard connection do exists. 
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Theorem 3.4. Let (G 3 ,rj, Q) be the simply connected Lie group with Lie algebra L 3 equipped with the left 
invariant qc structure (77, Q) defined by (3.14). Then 

a) The torsion endomorphism of the Biquard connection is not zero and therefore (G 3l 77, Q) is not locally 
qc homothetic to a 3-Sasaki manifold. The normalized qc scalar curvature is negative, S = — 1. 

b) The qc conformal curvature is not zero, W qc ^ ; and therefore (G 3 , 77, Q) is not locally qc conformally 
flat. 

Proof. It is clear from (3.13) that the vertical distribution spaned by {^1:^2^3} is not intcgrable. Conse- 
quently, the torsion of the Biquard connection is not zero due to [38, Theorem 3.1] which proves the first 
part of a). 

To prove 5* = —1 we compute the torsion. The Lie algebra structure equations (3.13) together with (2.3), 
(2.4) imply 



(3.15) 



1 S 

(7 - n)Vi, 



"A 2' 

Now, (3.15), (3.13) and (2.6) yield 



a 2 



Pl (X,Y)= l -[{ l --S){e 12 



.1 S, 
( 4 + 2 )% ' 



(X,Y) = ](e 



a 3 



.1 5, 
(7 + 2 



1 



)(X,Y) + -(1-5K(X,Y), 



(3.16) 



P2(X,Y) 



2 

e 24 )(X, Y)-{\ + S)(e 13 - e 24 )(X, Y)J = +1(1 - S)u> 2 (X, Y), 



p 3 (X, Y) = \ [|(e 14 + e 23 )(X, Y)-(\ + 5)(e 14 + e 23 )(X, Y)] = +1(1 - S)w 3 (X, Y) 



Compare (3.16) with (2.11) to conclude 
(3.17) 



1 



T°(X, IiY) - T°(LiX, Y) = -(e 12 - e M )(X,Y), 



S = -l 

T°(X,I 2 Y) -T°(I 2 X,Y) = 0, T°(X,I 3 Y) -T°(I 3 X,Y) = 0. 



To prove b) we compute the tensor WR. Denote ijj 
(2.10) to obtain 



,34 



) and compare (3.17) with (2.9) and 



(3.18) 



T°(X,Y) = ^(X,I 1 Y), g(T(£ s ,X),Y) 



-{^{IsX,!^) +^{X,I 1 I S Y)). 



Using C/ = and (2.9) we conclude from (2.13) that WR(ei, e 2 , e 3 , e^) = R(ei,e 2 ,e 3 ,ei) since other terms 
on the right hand side of (2.13) vanish on the quadruple {ei, e 2 = — /id, e 3 = — I 2 e\, 64 = —I 3 ei}. 
We calculate R(ei, e 2 , e 3 , e^) using (3.6), (3.7), (3.8), (3.13) and (3.18). We have 



3 
2 


- r 1 - 

— 1 13 — 


-r 3 - 
1 u — 


-r 3 
1 22 


- r 2 

— 1 23 i 


1 

2 ~ 


-r 4 
1 12 


- r 2 

— 1 14 


3 
4 


— 1 51 — 


-r 1 - 

1 52 — 


r 7 - 

1 56 — 


r 6 

1 57; 


1 

8 ~~ 


-r 3 

1 61 


— 1 63 


1 

4 


- -r 7 

— 1 65 


- r 5 - 


r 6 - 
1 75 — 


r 5 

1 76; 


3 

8 ~~ 


-r 4 

1 62 


- r 2 

— 1 64 


1 = 


-r 7 - 

- 1 15 — 


-r 5 - 

1 17 — 


-r 6 - 

1 25 " 


-r 5 - 

- 1 26 — 


-r 2 - 

1 41 — 


1 42 - 


- r 4 - 
- 1 43 — 



71 



74; 



This gives WR(e\, e 2 , e 3 , 64) = R(ei,e 2 ,e 3 ,e4) = — i 7^ and Theorem 2.3 completes the proof. 

4. 5p(7l)S'p(l)-HYPO STRUCTURES AND HYPERSURFACES IN QUATERNIONIC KAHLER MANIFOLDS 



□ 



Guided by the Examples 1-3, we relax the definition of a qc structure dropping the "contact condition" 
dr} SlH = 2lo s and come to an Sp(n)Sp(l) structure (almost 3-contact structure see [46]). The purpose is to 
get a structure which possibly may induce an explicit quaternionic Kahler metric on a product with a real 
line. 

Definition 4.1. An Sp(n)Sp(l) structure on a (An + 3) -dimensional Riemannian manifold (M,g) is a 
codimension three distribution H satisfying 
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i) H has an Sp{n)Sp{l) structure, that is it is equipped with a Riemannian metric g and a rank- 
three bundle Q consisting of (l,l)-tensors on H locally generated by three almost complex struc- 
tures I\,I 2 ,I 3 on H satisfying the identities of the imaginary unit quaternions, = —I 2 I\ = 
I 3 , I1I2I3 = —id\ H which are hermitian compatible with the metric g(I s .,I s .) = g(.,.),s = 1,2,3, 
i.e. H has an almost quaternion hermitian structure, 
ii) H is locally given as the kernel of a 1-form rj — (rji, r\ 2 , with values in R 3 . 

The local fundamental 2-forms are defined on H as usual by uj s {X,Y) = g{I s X, Y). 

Definition 4.2. We define a global Sp(n)Sp(l)-invariant 4-form of an Sp(n)Sp(l) structure (M,g,Q) on 
a {An + 3)- dimensional manifold M by the expression 

(4.1) Q = Luf + u)\ + W3 + 2u>i A r\ 2 A 773 + 2uj 2 A n 3 A T)i + 2uj 3 A 771 A n 2 . 

Let M An+A be a (4n + 4)- dimensional manifold equipped with an Sp(n + l)Sp(l)structure, i.e. 
(M 4n+4 , g, Ji, J2, J3) is an almost quaternion hermitian manifold with local Kahler forms Fi = g(Ji-, ■)■ The 
fundamental 4-form 

(4.2) $ = F 1 A F 1 + F 2 A F 2 + F 3 A F 3 

is globally defined and encodes fundamental properties of the structure. If the holonomy of the Levi-Civita 
connection is contained in Sp(n + l)Sp(l) then the manifold is a quatcrnionic Kahler manifold which is 
consequently an Einstein manifold. Equivalent conditions are either that 

(4.3) dFi espaniF^Fj^k] 

[56] or the fundamental 4-form <f> is parallel with respect to the Levi-Civita connection. The latter is 
equivalent to the fact that the fundamental 4-form is closed (dQ = 0) provided the dimension is strictly 
bigger than eight ([56, 55]) with a counter-example in dimension eight constructed by Salamon in [55]. 

Let / : N 4n+3 — > M 4n+4 be an oriented hypersurface of M 4n+4 and denote by N the unit normal vector 
field. Then an Sp(n + l)Sp(l) structure on M induces an Sp(n)Sp(l) structure on N in+3 locally given by 
(r] s ,uj s ) defined by the equalities 

(4.4) i 1s =NjF s , u i = f*F i -i lj A»j fcl 

for any cyclic permutation k) of (1, 2, 3). The fundamental four form $onM restricts to the fundamental 
four form Q on TV, 



>2 



(4.5) n = /*$ = (/*F0 2 + (f*F 2 ) 2 + (f*F 3) 

Suppose that (M 4n+4 ,g) has holonomy contained in Sp(n + 1)5*13(1). Then <i$ = 0, (4.5) and (4.4) imply 
that the Sp(n)Sp(l) structure induced on 7V 4n+3 satisfies the equation 

(4.6) dfl = 0, 
since d comutes with /*, df* = f*d. 

Definition 4.3. An Sp(n)Sp(l) structure (M,g,Q) on a (4n + 3) -dimensional manifold is called Spfn)Sp(l) 
- hypo if its fundamental J^-form is closed, dfl = 0. 

Hence, any oriented hypersurface jV 4rl+3 of a quaternionic Kahler M 4n+4 is naturally endowed with an 
Sp(n) Sp(l)-hypo structure. 

Vice versa, a {An + 3)-manifold N 4n+3 with an Sp{n)Sp{l) structure {n s ,u> s ) induces an Sp{n + i)Sp(l) 
structure {F s ) on N 4n+3 x R defined by 

(4.7) Ft = uii + rjj A n k - m A dt, 

where t is a coordinate on R. 

Consider Sp{n)Sp{l) structures (r] s (t),uj s (t)) on N 4n+3 depending on a real parameter t £ 1, and the 
corresponding Sp(n+ i)Sp(l) structures F s (t) on 7V 4,l+3 x R. We have 
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Proposition 4.4. An Sp(n)Sp(l) structure (t7 s ,cj s ;1 < s < 3) on /y 4 "+ 3 C an be lifted to a quaternionic 
Kahler structure (F s (t)) on J\f in + 3 x R defined by (4.7) if and only if it is an Sp(n)Sp(\)-hypo structure 
which generates a 1 -parameter family of Sp(n)Sp(l)-hypo structures (r] s (t),uj s (t)) satisfying the following 
evolution Sp(n)Sp(l)-hypo equations 

(4.8) ftfi(t) = d 6771 (i) A 77 2 (t) A 773(0 + 2wi(t) A 771(7;) + 2wa(t) A n 2 (t) + 2w 3 (t) A r? 3 (t) 

where d is the exterior derivative on N . 

Proof. If we apply (4.7) to (4.2) and then take the exterior derivative in the obtained equation we see that 
the equality d<f> = holds precisely when (4.6) and (4.8) arc fulfilled. 

It remains to show that the equations (4.8) imply that (4.6) hold for each t. Indeed, using (4.8), we 
calculate 

dtdto = d 2 



6771 (i) A 772(7;) A i ]3 (t) + 2wx(t) A 771 (t) + 2tu 2 (t) A r) 2 (t) + 2uj 3 {t) A 773 (t) 



= 0. 



Hence, the equalities (4.6) are independent of t and therefore valid for all t since it holds in the beginning 
for t = 0. □ 

Solutions to the (4.6) are given in the case of 3-Sasakian manifolds in [59]. In the next section we construct 
explicit examples relying on the properties of the qc structures. 
In general, a question remains. 

Question 1. Does the converse of Proposition 4.4 hold?, i.e. is it true that any Sp(n)Sp(l)-hypo structure 
on _/V 4n+3 can be lifted to a quaternionic Kahler structure on 7V 4n+3 x R? 

4.1. Sp(n)-hypo structures and hypersurfaces in hyper Kahler manifolds. Suppose that M 4rl+4 has 
holonomy contained in Sp(n+ 1), that is the Sp(n+ l)Sp(l) structure (F s ) is globally defined and integrable 
(i.e. hyper-Kahler) or, cquivalcntly due to Hitchin [33], 

(4.9) dF s = 0. 

Then, (4.9) and (4.4) imply that the Sp(n) structure (n s ,oj s ) induced on N 4n+3 satisfies the equations 

(4.10) d(u>i + rjj A i]k) = 0, 
since d commutes with /*, df* = f*d. 

Definition 4.5. An Sp(n) structure determined by (y] s ,ui s ) on a (An + 3) -dimensional manifold is called 
Sp(n)-hypo if it satisfies the equations (4.10) 

Hence, any oriented hypersurface N 4n+3 of a hyper Kahler M An+i is naturally endowed with an Sp(n)- 
hypo structure. 

Vice versa, a {An + 3)-manifold 7V 4,i+3 with an Sp(n) structure (r] s ,uj s ) induces an Sp(n + 1) structure 
(F s ) on N in+3 x R defined by (4.7). 

Consider Sp(n) structures (n s (t),ui s (t)) on 7V 4n+3 depending on a real parameter f 6 K, and the corre- 
sponding Sp(n + 1) structures F s (t) on 7V 4n+3 x R. We have 

Proposition 4.6. An Sp(n) structure (j] Sl uj s ; 1 < s < 3) on /V 4n + 3 can be lifted to a hyper Kahler structure 
(F s (t)) on jV 4n+3 x R defined by (4.7) if and only if it is an Sp(n)-hypo structure which generates an 
1 -parameter family of Sp(n) structures (rj s (t),uj s (t)) satisfying the following evolution Sp(n)-hypo equations 

(4.11) dtiuJi + rjj Arj k ) = dr/j. 

Proof. Taking the exterior derivatives in (4.7) shows that the equalities dF s = hold precisely when (4.10) 
and (4.11) are fulfilled. 

It remains to show that the equations (4.11) imply that (4.10) hold for each t. Indeed, using (4.11), we 
calculate 



0, 



d(uj l + rjj A ?7 fc ) 



d 2 m = 0. 



Hence, the equalities (4.10) arc independent of t and therefore valid for all t since it holds in the beginning 
for t = 0. □ 
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It is known, [10], that the cone over a 3-Sasaki manifold is hyper-Kahler, i.e., there is a solution to (4.11). 
Indeed, for a 3-Sasaki manifold we have [38] S = 2, dr)i(£j, = 2,a s = —2r/ s and the structure equations 
(2.7) of a 3-Sasaki manifold become (2.8). A solution to (4.11) is given by Fi(t) = t 2 uji + t 2 rjj A rjk — trji A dt. 

In general, a question remains. 

Question 2. Does the converse of Proposition 4.6 hold?, i.e. is it true that any Sp(ri)-hypo structure on 
N 4n+3 can be lifted to a hyper Kahler structure on 7V 4n+3 x R? 

Remark 4.7. Question 2 is an embedding problem analogous to the (hypo) SU(n) embedding problem solved 
in [15, 14]. Here, we consider hyper Kahler manifolds instead of Calabi-Yau manifolds. Since Sp(n) is 
contained in SU(2n), it follows that an Sp{n) structure (u>i,r]i) on a (An + 3) -dimensional manifold induces 
an SU(2n) structure (r]i,F,Q) where the 2-form F and the complex (2n + l)-form f2 are defined by F = 
ui+rj2Arj3, O = (t^2 + \/~-lw3)™A(?72 + "\/— T773 ) . Direct computations show that the Sp(n)-hypo conditions 
(4.10) yield the SU(2n)-hypo conditions dF = 0, d(r]i A 0) = which, in the real analytic case, imply an 
embedding into a Calabi-Yau manifold [15, 14]. Hence, it follows that any real analytic (An + 3) -manifold 
with an Sp(n)-hypo structure can be embedded in a Calabi-Yau manifold. However, it is not clear whether 
this Calabi- Yau structure is a hyper Kahler. 

A proof of the embedding property could be achieved following the considerations in the recent paper by 
Diego Conti [14]. Consider Sp(n) as a subgroup of SO (An), one has to show the existence of an 
ordinary flag in the sense of [14]. 

5. Examples of quaternionic Kahler structures 

In this section we suppose that M is a Riemannian manifold of dimension An + 3 equipped with an 
Sp(n)Sp(l) structure as in Definition 4.1. We shall denote with gu the metric on the horizontal distribution 
H. In addition, we assume that for some constant r the following structure equations hold 

(5.1) drji = 2u l + 2rr]j A?/ fc , 

for any cyclic permutation (i,j,k) of (1,2,3). Examples of such manifolds are provided by the following 
quaternionic contact manifolds: i) the quaternionic Heisenberg group, where r = 0; ii) any 3-Sasakian 
manifold, where r = 1 (see [41] where it is proved that these structure equations characterize the 3-Sasakian 
quaternionic contact manifolds); and iii) the zero torsion qc-flat group G\ defined in Theorem 3.2 with the 
structure equations described in (3.2), where r = —1/4. Actually, this is the only Lie group satisfying the 
structure equation (5.1) for some (necessarily) negative constant r. We prefer to include the parameter r 
since it describes qc structures homothetic to each other. In particular, for r < (rcsp. r > 0), the qc 
homothcty 77, 1— > —2rr\j (resp. r\i > TTjj) brings the qc structure (3.3) on the lie algebra (3.2) (resp. a 
3-Sasakain structure) to one satisfying (5.1). On the other hand, this one parameter family of homothetic to 
each other qc structures lead to different special holonomy metrics, which we construct next, when we take 
the product with a real line. 

Theorem 5.1. Let M be a smooth manifold of dimension 4n + 3 equipped with an Sp(n)Sp(l) structure such 
that, for some constant t, the structure equations (5.1) hold for any cyclic permutation (i,j,k) of (1,2,3). 
For any constant a, the manifold M x R has a quaternionic Kahler structure given by the following metric 
and fundamental J^-form 

g = ug H + (TU + au 2 )(rjl+nl+f]l) + — ^r(du) 2 , Tu + au 2 >0, 

(5.2) A(tu + au z ) 

$ = Ft A F x + F 2 A F 2 + F 3 A F 3 , 

where locally 

(5.3) Fi(u) = uuji + (au 2 + tu) rjj A T)k — —r\i A du. 

Proof. Let h and / be some functions of the unknown t and Fi(t) = f(t)uii + h 2 (t)rjj A rjk — h(t)i)i A dt and 
$ be as in (5.2). A direct calculation shows that (S(ijfc) means the cyclic sum) 



{(fY - ifh) Wi A cJi A dt + (2 (fh 2 )' + Arfh - 12/i 3 ) Wj A r/j A ? ?fc A dt 



14 L.C. DE ANDRES, M. FERNANDEZ, S. IVANOV, J. A. SANTISTEBAN, L. UGARTE, AND D. VASSILEV 



Thus, if we take h = if we come to 

d<P = fV m (-f 2 + ff" + 2rf)ui A V] A i lk A dt, 
which shows that <I> is closed when 

(5.4) //" - f 2 + 2rf = 0, h = \f. 

With the help of the substitution v — — In / we sec that (§|) = Are v + Aa for any constant a. This shows 

that (j^J = (^) 2 (j[fj = 4( r /+n/ 2 ) > ® an< ^ = rf + a f 2 - Renaming f to u gives the quatcrnionic 
structure in the local form (5.3) and the metric in (5.2). In order to see that < F±, F 2 , F3 > is a differential 
ideal we need to compute the differentials dFi. A small calculation shows 

(5.5) dF t = j;(ff" - f' 2 + 2rf)m A Vk Adt mod <F ll F 2l F 3 >, 

i.e. (4.3) hold. This proves that the defined structure is quatcrnionic Kahler taking into account the 
differential equation (5.4) satisfied by /, which completes the proof. □ 

With the help of the above theorem we obtain the following one parameter families of quatcrnionic Kahler 
structures. 

i) Quaternionic Kahler metrics from the quaternionic Heisenberg group, r = 0. Consider the (4n + 3)- 
dimensional quaternionic Heisenberg group G™, viewed as a quaternionic contact structure. The metric 

(5-6) g = ((e 1 ) 2 + ■ ■ ■ + (e 4 ") 2 ) + ^ (( m ) 2 + {m? + (%) 2 ) + dt 2 

is a complete quaternionic Kahler metric in dimensions 4n + 4 with n > 1. The Einstein constant is negative 
equal to — I6?ia 2 . This complete Einstein metric has been found in dimension eight as an Einstein metric on 
a T 3 bundle over T 4 in [29, equation (148)]. 

ii) Quaternionic Kahler metrics from a 3-Sasakian structure, r = 1. The metric 

Hi I Q/Uj 

g = ug H + (( m ) 2 + ( m ) 2 + ( V3 ) 2 ) + — — ^du 2 

4 4(u + au*) 

is a quatcrnionic Kahler, and in the case of a = is the hyper-Kahlcr cone over the 3-Sasakian manifold. 
These metrics have been found earlier in [59, Theorem 5.2]. 

5.1. Explicit non quaternionic Kahler structures with closed four form in dimension 8. As it is 

well known [56] in dimension An, n > 2, the condition that the fundamental 4-form is closed is equivalent 
to the fundamental 4-form being parallel which is not true in dimension eight. Salamon constructed in [55] 
a compact example of an almost quaternion hermitian manifold with closed fundamental four form which 
is not Einstein, and therefore it is not quaternionic Kahler. We give below explicit complete non-compact 
examples of that kind inspired by the following 

Remark 5.2. In dimension seven, due to the relations uji A u 3 ■ — 0, i 7^ j , a more general evolution than 
the one considered in the proof of Theorem 5. 1 can be handled. We consider the evolution 

(5.7) w.(t) = /(t)w„ i h (t) = f s (t)i ls , s= 1,2,3, 

where f, /i,/2,/3 are smooth function oft. Using the structure equations (5.1) one easily obtain that the 
equation dfl — is satisfied and (4.8) is equivalent to the system 

3/' - 2(A + h + h) = 0, 

(//2/3)' - 2r/(/i - h - h) - 6/1/2/3 = 0, 

(//1/3)' - 2r/(-/i + f 2 - h) - 6/1/2/3 = 0, 

(//1/2)' - 2r/(-A - f 2 + h) - 6/1/2/3 = 0. 

On the other hand, < F\, F2, F3 > is a differential ideal iff the following system holds 

(5.9) /(/,/,•)' - ffifj + 2/1/2/3 - 2fifj{fi + fj) + Zrffifr - 2r// fc = 0, 
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for any cyclic permutation (i,j,k) of (1,2,3). This claim follows from the fact that working mod < 
Fi,F 2 ,F 3 > we have 

dF t = - {f (fiftf - f'fifj + 2/i/a/s - 1ft jj - 2/i/? + trfSiSi - 2r// fc ) % A Vk A dt. 

Taking f\ = f2 = fs = hin (5.8) we come, correspondingly, to the case considered in Theorem 5.1. 

We integrate the system (5.8) completely when r = 0. This is achieved by introducing the new variable 
du = f1.f2.f3dt, which allow to determine ffifj = 6(it + a*,), where is a constant and (i,j,k) is a 
permutation of (1,2,3). Thus / = ^J +a ^ Tjf , j = 1, 2, 3. With the help of these three equations and the 

first equation of (5.8) we come to |f = % (— ^ + ^ + — ^) , hence / 9 = C* 9 (u + ai)(u + a 2 )(u + a 3 ) 
for some constant C. Now, the equations ffifj = 6(it + a^) yield 



/ 

and then the definition of u shows 



6 / (u + aj) 4 (u + a?c) 4 
C V (u + ai) 5 



rfi=(C/6) 3 / 2 



((« + 01) (it + a 2 )(u + a 3 )) 1/3 

If we impose also the system (5.9), in which we substitute 2(/, + /,) = 3/' — 2/fc and f(fifj)' = 6/1/2/3 — 
§ (/1 + /a + fs) fifj (using the equations of (5.8) and r = 0), we see that 

Thus, d$ = and < Fi, F%, Fs > is a differential ideal if and only if f\ = f 2 = f 3 which yield. 

Proposition 5.3. The metric on the product of the seven dimensional quaternionic Heisenberg group with 
the real line defined ( on M 8 ) by 

(5.10) g = C ((u + oi)(u + a 2 ){u + a 3 )) 1/9 (dx\ + dx\ + dxj + dx\)+ 

(dx 5 + 2 Xl dx 2 + x 3 dx 4 ) 2 + — ± J; v ' (dx 6 + 2 Xl dx 3 + x 4 dx 2 ) 2 



C\ (w + ai) 10 J y ° 1 ' ° ^ C V (u + a 2 ) 10 

6 f(u + a i nu + a2) s \ 1/9 , 2 , / C\ 3 du 2 

(dxj + zxidxi + X2dx 3 ^ 



C\ (u + a 3 ) m J \6J ((u + a 1 )(u + a2)(u + a 3 )) 2/3, 

where ai , 02 and a 3 are three constants not all of them equal to each other, supports an almost quaternion 
hermitian structure which has closed fundamental form, but is not quaternionic Kdhler. 

Remark 5.4. Using a suitable computer program one can check the the metrics (5.10) are Einstein exactly 
when f\ = f 2 = f 3 , i.e. when are quaternionic Kdhler. 

We note that one of the arbitrary constants in (5.10) is unnecessary since a translation of the unknown u 
does not change the metric. 

Let us also remark that the quaternionic Kahler metric (5.6) is obtained from the general family (5.10) 
by taking -§3 = \ and v = e at = Cu 1 ^ when the constants are the same a\ — a 2 = 03 and we use u + ai 
as a variable, which is denoted also by u. 

If one takes a solution of the system (5.9) which does not satisfy the system (5.8), one could obtain a non 
quaternionic Kahler manifold with an almost quaternion hermitian structure such that < Fi, F 2 , F 3 > is a 
differential ideal and the fundamental four form is non-parallel (see also the paragraph after [50, Corollary 
2.4]). 
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5.2. New quaternionic Kahler metrics from the zero-torsion qc-flat qc structure on G\. Here we 
consider the Lie group defined by the structure equations (3.2), which can be described in local coordinates 
{t, x, y, z, X5, x&, X7} as follows 

e 1 = -dt, 

2 1 , 1 A 1 • • x , 1 , 1 , 

e = — xq ax + — X5 cos x ay + {— x% cos y + —X5 sinjsini) dz — — X7 at + — dxi, 

£1 £1 £1 £1 £i £i 



„3 



- x-[ dx + — X5 sin x dy + (— — X7 cos y — —x§ sin y cos x) dz — — x& dt + — dx§ , 

£1 £ £1 £1 £1 £i 



e 4 = (——X7 cosx — —x@ sinx ) dy — — sin y (— xg cos x + x-j sinx) dz — —x^dt+— dx§, 

(^-H) rji = e 5 = — x 6 dx + (—X5 cosx — 2 sinx) dy 

+ (—Xe cos y — sin y sina; 2:5 + 2 sin y cosx) dz + Xj dt — dxi, 
r/2 = e 6 = X7 dx + (2 cos x — x$ sin x) dy 

+ (2:7 cos y + 2 sin y sin x + X5 sin y cos x) + xq dt — dxe , 
773 = e 7 = — 2 dx + (cos x X7 + X6 sin x) 

+ (—2 cosy + X7 sin y sinx — xg siny cosx) dz + X5 dt — dx§. 

In this case t = — i in (5.2), and the corresponding quaternionic Kahler metric on G\ is (using a/4 as a 
constant) 

(5.12) g = u ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + (( m f + fe) 2 + ( m f) + du 8 , 

4 cut z — u 



2 



for an — u > 0. The Ricci tensor is given by Ric = — 4ag. 

The metric (5.12) seems to be a new explicit quaternionic Kahler metric. In local coordinates {v 1 = t,v 
x, v 3 — y, v 4 — z, u 5 = X5, v 6 = xe, v 7 = X7, v s = u} the metric has the expression written in Appendix 1. 

6. Sp(l)Sp(l) STRUCTURES AND Spzn(7)-HOLONOMY METRICS 

An Sp(l)Sp(l) structure on a seven dimensional manifold M 7 , whose 2-forms cjj and 1-forms r]j are 
globally defined, induces a G2-form <f> given by 

(6.1) <\> = 2o>i A 771 + 2u 2 A 772 - 2w 3 A 773 + 2?7i A 772 A 773. 
The Hodge dual *cf> is 

(6.2) * 4> — ~ ( w i A Wi + 2wi A 772 A ?73 + 2^2 A 773 A 771 — 2^3 A 7/1 A 772). 
Consider the 5pm(7)-form * on 7\/ 7 x R defined by [11] 

(6.3) * = Fi A Fi + F 2 A F 2 - F 3 A F 3 = - * <t> - <P A dt, 

where the 2-forms Fi, F2, F3 are given by (4.7). 

Following Hitchin, [35], the Spm(7)-form ^> is closed if and only if the G2 structure is cocalibrated, 
d * tj> = 0, and the Hitchin flow equations dt(*4>) = —dip are satisfied, i.e. 

(6.4) d(*<j>) = 0, dt(*<f>) = -dtp. 

Theorem 6.1. Let M be a smooth seven dimensional manifold equipped with an Sp(l)Sp(l) structure such 
that the 3-form <j> determined by (6.1) is globally defined and, for some constant the structure equations 

(5.1) hold for any cyclic permutation (i,j,k) of (1,2,3). For any constant a, the manifold M x /, where 
I C K, has a parallel Spin(7) structure given by the following metric and fundamental J^-form 

Tu 5/3 -a,, , 2 2 2S 5u 2/3 , 2 

(6.5) 9 = U9H + bv?/ 3 + im) + im) ) + 36(ruV 3 - a) dU ' 
i> = F 1 A F 1 + F 2 A F 2 - F 3 A F 3 , 
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where locally 

(6.6) Fi(u) = ulo 1 - €i 2/3 T)j A i] k - e. t - r\ t A du. 

where t\ = £2 = 1 awe? £3 = —1. 

Proof. We evolve the structure as in (5.7). Using the structure equations (5.1) one easily obtains that the 
equation d(*<fi) = is satisfied, and the second equation of the system (6.4) is equivalent to the system 

/' - 2(/x + fa - fa) = 0, 

(//a/a)' - 2r/(/i - / 2 + / 3 ) - 2/i/ 2 / 3 = 0, 

(//1/3)' - 2t/(-/i + / 2 + / 3 ) - 2/1/2/3 = 0, 

(//1/2)' - 2t/(/i + fa + fa) + 2/1/2/3 = 0. 

Taking fi=fa = —fa in (6.7) we come to the ODE system 

(6.8) iff" + (/') 2 - 18r/ = 0, fi=h = -fa = \f. 

To solve this differential equation, we use v = / 4 / 3 as a variable. Equation (6.8) shows that (j§) 2 = 

64(t '",/ ~ a) , where a is a constant. Hence, (jf) = (£) 2 = 36(r 5 ffL a) , which implies that ff = /f = 

/I = m(-^') 2 = T 5/^/3° • Reca11 that we also have F,(t) = f(t)cJi + fj(t)f k (t)r]j A r/ k - /*(*)% A dt. Renaming 
/ to u gives the metric and the Spin(7) form ip in (6.5) with (6.6). □ 

i) Spin(7)-holonomy metrics from the quaternionic Heisenberg group. Using the seven dimensional quater- 
nionic Heisenberg group with structure equations (2.14), taken for n = 1, the corresponding eight dimensional 
5pm(7)-holonomy metric written with respect to the parameter u = (at + o) 1 / 4 is 

(6.9) g = u 3 ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + ^u~ 2 (( m f + (mf + (m?) + ^du 2 . 

These 5pm(7)-holonomy metrics are found in [29, Section 4.3.1]. 

ii) Spin(7) -holonomy metrics from a 3-Sasakian manifold. This case was investigated in general in [5] 
and explicit solutions in particular cases are known (see [5] and references therein). We use again only the 
particular solution to (6.7) found above. Thus, starting with a 3-Sasakian manifold with structure equations 
(2.8) the resulting metric is 

g = U ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + (( m ) 2 + ( m ) 2 + ( m ) 2 ) + m ^_ a) du\ 

This is the (first) complete metric with holonomy Spin(7) constructed by Bryant and Salamon [12, 30]. 

6.1. New S'pin(7)-holonomy metrics from the quaternionic Heisenberg group. New metrics can be 
obtained similarly to the derivation of (5.10). Namely, we integrate the system (6.7) when r = to obtain 
the next family of Spm(7)-holonomy metrics which seems to be new 

(6.10) g = C ((u + ai)(u + a 2 )(a 3 - it)) ({dx\ + dx\ + dx\ + dxf) 

2 1 2 2 1 2 
:(dx 5 + 2x\dx 2 + 2x 3 dx 4 ) + — r^(dx§ + 2x\dx 3 + 2x±dx 2 ) + 



C{u + ai f K 01 1 z * +j < C (u + a 2 ) 2 



1 C 3 

-(dxj + 2xidx4 + 2x 2 dx 3 ) 2 H (it + ai) 2 (u + ct2) 2 (a3 — u) 2 du 2 . 



C (a 3 -u) 2 

Taking a 2 = —a 3 = a\ into (6.10) one gets the Spin(7)-holonomy metrics (6.9). Since the coefficients of the 
metrics (6.10) are continuous with respect to the parameters, and since the holonomy is equal to Spin(7) for 
(0,2,0,3) = (ai,—ai) then the same holds for any (02,03) in a neighbourhood of (a-i,— cti). Thus, we get a 
three parameter family of metrics with holonomy equal to Spin(7) which seem to be new. 
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6.2. New Spin(7)-holonomy metrics from a zero-torsion qc-flat qc structure on G\. Consider the 
7-dimensional Lie group defined in (3.2). From Theorem 6.1 we obtain the metrics 

(6.11) g = u ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + (( m f + ( ??2 ) 2 + (, 3 ) 2 ) + g{ ^ 5/3) . 

These metrics have holonomy equal to Spin(7). In local coordinates {v 1 = t,v 2 = x,v 3 = y,i> 4 = z,v 5 = 
X5,v e = xe,v 7 = xt, v s = u} the Spm(7)-holonomy metric is written in Appendix 2. 

7. Hyper Kahler metrics in dimension four 

In this section we recover some of the known Ricci-flat gravitational instantons in dimension four applying 
our method from the preceding section lifting the sp(0)-hypo structures on the non-Euclidean Bianchi type 
groups of class A. 

Let G3 is a three dimensional Lie group with Lie algebra g 3 and e^e , e be a basis of left invariant 
1-forms. Wc consider the Sp(l) structure on g% x M+ defined by the following 2- forms 

Fi(t) = e x (t) A e 2 {t) + e 3 {t) A f{t)dt, 

(7.1) F 2 (t) = e 1 ^) A e 3 (i) - e 2 (t) A f(t)dt, 

F 3 (t) = e 2 {t)Ae 3 (t) + e\t)Af(t)dt, 

where f(t) is a function of t and e l (t) depend on t. With the help of Hitchin's theorem, it is straightforward 
to prove the next 

Proposition 7.1. The Sp(l) structure (Fi, F 2 , F 3 ) is hyper Kahler if and only if 

(7.2) de 12 = de 13 = de 23 = 
and the following evolution equations hold 

(7.3) j^«(i) = -/(*)&*(*)• 
The hyper Kahler metric is given by 

(7.4) g = (e\t)) 2 + (e 2 (t)f + (e 3 (t)) 2 + f 2 (t)dt 2 . 

The group SU(2), Bianchi type IX. Let G3 = SU(2) = S 3 be described by the structure equations 

(7.5) de 1 = -e ]k . 

In terms of Eulcr angles the left invariant forms e % are given by 

(7.6) e 1 = sin ipdO — cos ip sin 6d(j), e 2 = cos ipdO + sin -0 sin Od(j>, e 3 = dtp + cos 6d(f>. 
Clearly (7.2) are satisfied. We evolve the SU (2) structure as 

(7.7) e s (t) = f s (t)e s , s = 1,2,3, (no summation on s) 

where f s are functions of t. 

Using the structure equations (7.5) we reduce the evolution equations (7.3) to the following system of 
ODEs 

(7.8) |(/i/ 2 ) = // 3 , |(/i/ 3 ) = // 2 , j t {hh) = fh- 

The system (7.8) is equivalent to the following 'BGPP' [6] system 

(7Q) d _ /I + /I-A 2 d _ fl + n-ft d _ ft + fl-ft 

1 ■ ' dt J1 5 2/ 2 / 3 ' df' 1 J 2/1/3 ' rft ^ 2/i/a ' 

The equations (7.9) admit the triaxial Bianchi IX BGPP [(>] hyper Kahler metrics by taking / = /1/2/3 and 
all /j different (see also [31]) and Eguchi-Hanson [ ] hyper Kahler metric when two of the functions are 
equal. 
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7.0.1. The general solution. With the substitution Xi = (/j/fc) 2 , the system (7.8) becomes 

= 2(x 1 x 2 x 3 ) 1 /\ 

dr 

in terms of the parameter dr = fdt. Hence the functions Xi differ by a constant, i.e, there is a function x(r) 
such that x(r) = x\ + a\ = x% + a 2 = x 3 + 03. The equation for x(r) is 



(7.10) ^ = 2((x — ai)(x — a 2 )(x — a^)) 1 ^ 4 , i.e., dr = i 



-dx. 



^ 2 ((a; _ ai )( x _ a2 ) (a; _ a 3))l/4 

If we let g(x) = \ ({x — a\){x — a 2 )(x — a^))^ 1 ^ and take into account Xi = (fjfk) 2 , we see from (7.8) that 
the functions fi(x) satisfy 

^ ((z - a,) 1/2 ) - JW/, 
Solving for fi we showed that the general solution of (7.8) is 

(7.11) f i (x) = (g ~7 )1/4(g ~ gfc)1/4 . f(t)=g(x(t))a/(t), g(x) = \ ((x - a x ){x - a 2 )(x - a 3 )y 1/4 , 

where 01, 02 and 03 are constants, and a; is an auxiliary independent variable (substituting any function 
x = x(t) gives a solution of (7.8) in terms of t). 

7.0.2. Eguchi-Hanson instantons. A particular solution to (7.8) is obtained by taking x = (t/2) and cii = 
a 2 = jqO,, 03 = 0, which gives 



(7-12) h = f 2 = l f 3 = tJ*- z ±, f 



2' J 2 V i 4 \t A -a 
This is the Eguchi-Hanson instanton [24] with the metric given by 

t 2 r 



fj 



( e 1 ) 2 + ( e 2 ) 2 +(l-^)( e 3 ) 2 ]+(l-^) _1 (^) 2 . 



7.0.3. Triaxial Bianchi type IX BGPP metrics [(>]. The substitution x = i 4 , a\ = a 4 . a 2 = b and 03 = c 4 
gives 

_ (t 4 -6 4 )^ 4 -c 4 )l (t 4 -q 4 )^ 4 - C 4 )^ 

A(t)= (t 4 -« 4 )^ ' /2( * )= ' 

(t 4 -a 4 )^ 4 -6 4 )i 2i 3 
•'3 77a 771 ' / v / 



(i 4 -c 4 )i (t 4 -fe 4 )3(t 4 -c 4 )i(i 4 -a 4 )3' 

These are the triaxial Bianchi IX metrics discovered in [0] (see also [31, 26, 27]), which do not have any 
tri-holomorphic U(l) isometrics [27]. In the derivation above we avoided the use of elliptic functions. 

The group 517(1, 1)-Bianchi type VIII. Bianchi type VIII are investigated in [48, 49, 47]. 
Let G3 = SU(1, 1) be described by the structure equations 

(7.14) de 1 = -e 23 , de 2 = e 31 , de 3 = -e 12 . 
In terms of local coordinates the left invariant forms e l are given by 

(7.15) e 1 = sinh ipd6 + cosh if> sin 0d<fi, e 2 = cosh ipdB + sinh ip sin 9d<p, e 3 = dip — cos 9 dep. 

Clearly (7.2) are satisfied. We evolve the SU(1, 1) structure as in (7.7). Using the structure equations (7.15) 
we reduce the evolution equations (7.3) to the following system of ODEs 

(7.16) ^(/i/ 2 )=// 3 , = -fh, ^(/ 2 / 3 ) = //i. 

Solutions to the above system yield corresponding hyper Kahler metrics (7.4) indicated in [6]. 
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Triaxial Bianchi type VIII metrics. Working as in 7.0.1 we obtain the following system for the functions 



dx 3 dx x 1/4 dx 2 , , 1/4 

— = — = 2{x 1 x 2 x 3 ) 1 , — = -2{xix 2 x 3 ) ' . 
dr dr dr 

Solving for /j, as in the derivation (7.11), we find the general solution of (7.16) is 

... (x~a 3 )^(a 2 -x)^ ... (x-atf/^x-arf/* 
h{x) = TY73 , J2{x) = — r , 

^ 717 ^ (X-Oi) 1 /* ( a2 _ x )l/4 

f 3 (x)= (g ~° l)1/A(a '~ 31)1/4 , f(t)=g(x(t))x'(t), g( x ) = l(( x -a 1 )(a 2 -x)(x-a 3 ))- 1/4 , 
{x-a^yi^ 2 

where oi, a 2 and 03 are constants, and x is an auxiliary independent variable (substituting any function 
x = x(t) gives a solution of (7.8) in terms of t). 

Taking / = /1/2/3 and all fi different, we obtain explicit expression of the triaxial Bianchi VIII solutions 
indicated in [6]. 

A particular solution is obtained by letting a± = 0,3 = 0, a 2 = which gives 

f 1 = f 3 = l(a-t 4 )i, f 2 = t l(a-t 4 )-i 1 f = t(a-t 4 )~i, -a < i 4 < a. 
The resulting hyper Kahlcr metric is given by 

• = 5" - + i^f<^ + ^ + J^! df ) ■ 

where the forms e l are given by (7.15). 

The Heisenberg group H 3 , Bianchi type II, Gibbons-Hawking class. Consider the two-step nilpotent 
Heisenberg group H 3 defined by the structure equations 

(7.18) de 1 = de 2 = 0, de 3 = — e 12 ; e 1 = dx, e 2 = dy, e 3 = dz — —xdy + —ydx. 

The necessary conditions (7.2) are satisfied. We evolve the structure according to (7.7). The structure 
equations (7.18) reduce the evolution equations (7.3) to the following system of ODEs 

(7.19) ^(/i/ 2 ) = // 3 , ^(/i/ 3 ) = 0, £(/ 2 / 3 ) = 0. 

Working as in the previous example, i.e., using the same substitutions we see that the function x% satisfy the 
system 

dx 3 1/4 dxi dx 2 

— = 2{x 1 x 2 x 3 ) * , — = — — = 0. 
dr dr dr 

The general solution of thus system is 

/3 \ 4/3 

(7.20) Xl = a, x 2 = b, x 3 = (-(ab)V*r + c) , 

where a, b and c are constants. Therefore, using again fi = I I , the general solution of (7.19) is 



(7.21) fi 



1 r + c) 

A particular solution is obtained by taking c = and a = b = 1 , which gives 

/ 1 =/ 2 = Ar 1 /3, / 3 = /r\ 

with A = (l) 1 ^ 3 - The substitution t = A 2 r 2 / 3 gives fi = f 2 = f = t?, f 3 = . This is the hyper Kahler 
metric, first written in [47, 48], 



9 = t 



1 



dt + dx + dy H — dz xdy H — ydx 



f 



1 , 1 



2 * 2' 
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belonging to the Gibbons-Hawking class [28] with an 5 1 -action and known also as Heisenberg metric [32] 
(see also [3, 52, 19, 17, 57]). 

Rigid motions of euclidean 2-plane-Bianchi VIIq metrics. We consider the group E 2 of rigid motions 
of Euclidean 2-plane defined by the structure equations 

(7.22) de 1 ~ 0, de 2 = e 13 , de 3 = — e 12 ; e 1 = dtp, e 2 = sin <pdx — cos <fidy 7 e 3 = cosipdx + sinipdy. 

Clearly (7.2) are satisfied. We evolve the structure as in (7.7). Using the structure equations (7.22) we 
reduce the evolution equations (7.3) to the following system of ODE 

(7.23) l(/ l/2 ) = // 37 ^(/ 1 / 3 ) = // 2 , ^(/ 2 / 3 ) = 0. 

With the substitution Xj = {fjfk) 2 , the above system becomes 

dxi dx 2 dx 3 1/4 

-7- = 0, — = — = 2(x 1 x 2 x 3 ) 1 , 
dr dr dr 

in terms of the parameter dr = fdt. Hence, there is a function x(r) and three constants oi, a 2 , a 3 , such 
that, x(r) = x 2 + a 2 = %3 + 03, x\ = a\. The equation for x(r) is 

(7.24) ^ = 2 (01 (x - a 2 )(x - a 3 )) 1/4 , i.e., dr = \— ^ —jj^dx. 

al L [a\[x - a 2 )(x - a 3 )) 

If wc let g(x) = i (ai(x — a 2 )(x — a 3 )) 1 , and take into account x^ = {fjfk) 2 , we see from (7.23) that the 
functions fi{x) satisfy 

±{[x- ai f' 2 ) =g(x)fi, i = 2,3. 
Solving for /j we show that the general solution of (7.8) is 

(x-a 2 )^(x-a 3 ) 1/4 a\ /4 {x-a 3 )^ ... a\ /4 {x~a 2 )^ 

(7 . 25) = aY ' h{x)= 2 ) 1/4 ' h{x) = (—3)^ ■ 

f(t) = g (x(t)) x'(t), g(x) = \ (( ai (x - a 2 )(x - a 3 )y 1/4 , 

where 01, a 2 and a 3 are constants, and x is an auxiliary independent variable (substituting any function 
x = x(t) gives a solution of (7.23) in terms of t). 

Vacuum solutions of Bianchi type VIIq. When f 2 = f 3 , f\ — f we have 

Qj.(ffa 1 ) = fhi -^.(fh) = ffa 1 J 
with solution of the form ff 3 + ff 3 4 = AeJ, ff 3 4 — ffs = Be~ l . Hence, 

/ = fi = \{Ae* + Be-'fiiAe? - Be" 4 )*, f 3 = f 2 x = (AeJ + Be"*)-*^ - Be^K 
and the hyper Kahlcr metric is 

< 7 - 26 > ' = h AV ' - *•-*>(■«■+«> + {Ae ,_ s Be ^ f + (Ae , + 4 Be -, )2 (^) 2 ). 

where e 2 , e 3 are given by (7.22). 

In particular, setting A = B in (7.26) we obtain 

A 2 t \ 

g = — sinh2t[dt 2 + d(f> 2 ) + cotht(e 2 ) 2 + tanhi(e 3 ) 2 , 

which is the vacuum solutions of Bianchi type VIIq [47, 48] with group of isometries E 2 [32], (see also [57]). 

Rigid motions of Lorentzian 2-plane-Bianchi VIq metrics. Now we consider the group of rigid motions 
E(l, 1) of Lorentzian 2-plane defined by the structure equations and coordinates as follows 

(7.27) de 1 — 0, de 2 = e 13 , de 3 = e 12 ; e 1 = d(/>, e 2 = sinh <fr dx + cosh 4> dy , e 3 = cosh <f> dx + sinh 4> dy . 
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We evolve the structure as in (7.7). Using the structure equations (7.27), the evolution equations (7.3) turn 
into the next system of ODEs 

(7.28) = -//s, ^(/ 1 / 3 ) = // 2 , ^(/ 2 / 3 ) = 0. 

The general solution of (7.28) is 

_ {x-a 2 f/\a,-x)^ al^-x)^ _ a\'\ x -atf/* 

(72Q) h{x) ~ ^ ' /2W - (s-o,)^ ' *(*)- (a3-,)V4 • 



/(*) = g (x(t)) x'(t), g(x) = ± (( ai (x - a 2 )(a 3 - x))- lfi , 



where oi, a 2 and a 3 are constants, and x is an auxiliary independent variable (substituting any function 
x = x{t) gives a solution of (7.23) in terms of t). 

When f 2 = f-\ A = / we have f (ff^ 1 ) = -ff 3 , % (ff 3 ) = ff' 1 with solution of the form 

/ = fx = -(acost + b sin t) i (a cost — fesint) 5 , / 3 = f^ 1 = (acost + 6sin<) 5 (asini — focosi)" 5 , 
and the hyper Kahler metric is given by 

(7.30) g = -(a 2 sin 2 t - b 2 cos 2 t)(dt 2 + d<j) 2 + -. , - 4 , -^r(e 2 ) 2 + . . — r 7^(e 3 ) 2 

v ; 4 V 'V r (asmt + bcost) 2 y ' (asmt - bcost) 2 y ' 



where e 2 ,e 3 are given by (7.27). Introducing tg and rg by letting vq — \/a 2 + b 2 , costo = ct/v a 2 + b 2 and 
sin to = b/-\/a 2 + b 2 the above metric can be put in the form 

(7.31) g = i(r 2 sin(i + t )sm(t - t Q ))(dt 2 + d<f + - , i— (e 2 ) 2 + * (e 3 ) 2 ). 

4 V rg sin'(t + 1 ) rg sirr (i - t ) > 

Bianchi type Via In particular, setting a = b in (7.31) wc obtain r 2 , = 2a 2 , sinio = cos to = 2 ■ Taking 
t = t + ^, the metric (7.31) takes the form 

2 

g = ^— sm2T^dr 2 + d0 2 ) + cotr(e 2 ) 2 + tanr(e 3 ) 2 , 

which is the vacuum solutions of Bianchi type VIo [47, 48] with group of isometries £(1,1) [32], (see also 
[57]). 

8. Hyper symplectic (hyper para Kahler) metrics in dimension 4 

In this section, following the method of the preceding section, we present explicit hyper symplectic (hyper 
para Kahler) metrics in dimension four of signature (2,2). The construction gives a kind of duality between 
hyper Kahler instantons and hyper para Kahler structures. 

We recall that an almost hyper paracomplex structure on a 4n dimensional space is a triple (J, Pi,P 2 ) 
satisfying the paraquatcrnionic identities 

J 2 = —Px = -Pf = — 1, JPi = -Pi J = P 2 . 

A compatible metric g satisfies 

g(J.,J.) = -g(Px.,Px.) = -g(P 2 .,P2.)=g(.,.) 
and is necessarily of neutral signature (2n,2n). The fundamental 2-forms are defined by 

= <?(., J.), w 2 = <?(., .Pr), n 3 = 5 (.,p 2 ). 

When these forms are closed the structure is said to be hypersymplectic [34]. This implies (adapting the 
computations of Atiyah-Hitchin [ ] for hyper Kahler manifolds) that the structures are integrable and parallel 
with respect to the Levi-Civita connection [34, 18]. Sometimes a hyper symplectic structure is called also 
neutral hyper Kahler [44] , hyper para Kahler [42] . In dimension 4 an almost hyper paracomplex structure is 
locally equivalent to an oriented neutral conformal structure, or an Sp(l, K) structure, and the integrability 
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implies the anti-self-duality of the corresponding neutral conformal structure [44, 42]. In particular, a hyper 
symplectic structure in dimension four underlines an anti-self-dual Ricci-flat neutral metric. For this reason 
such structures have been used in string theory [53, 36, 43, 3, 37, 13] and integrable systems [22, 4, 23]. 

Let G3 be a three dimensional Lie group with Lie algebra g% and e 4 ,e 2 ,e 3 be a basis of left invariant 
1-forms. We consider the Sp(l,R) structure on 33 x K + defined by the following 2-forms 

fii(i) = -e 1 ^) A e 2 (t) + e 3 (t) A f(t)dt, 

(8.1) n 2 (i) = e 1 ^) A e 3 (i) - e 2 (t) A f{t)dt, 

3 (i) = e 2 {t) A e 3 (<) + e 1 ^) A f(t)dt, 

where fit) is a function of t and e l (i) depend on t. 

With the help of Hitchin's theorem [34] , it is straightforward to prove the next 

Proposition 8.1. The Sp(l, M) structure (f2i,f22j^3) is hyper para Kahler if and only if 

(8.2) de 12 = de 13 = de 23 = 0, 
and the following evolution equations hold 

(8.3) ^e 12 (t)=f(t)de 3 (t), |e 13 (i) = f(t)de 2 (t), ^e 23 (t) = -f{t)de\t). 
The hyper para Kahler metric is given by 

(8.4) g = (e') 2 + (e 2 ) 2 -(e 3 ) 2 -f 2 (t)dt 2 . 

The group SU{2). Let G3 = SU{2) = S 3 be described by the structure equations (7.5). Clearly (8.2) are 
satisfied. We evolve the SU(2) structure according to (7.7). 

Using the structure equations (7.5), we reduce the evolution equations (8.3) to the following system of 
ODEs 

(8.5) j t (hf2) = -ff 3 , j t ihh) = ff2, J t (f2f 3 ) = ffl, 

which is equivalent to the system (7.16) after interchanging fi with f^. The general solution is given by 
(7-17). _ 

Taking / = /1/2/3 in (7.17) and all fi different we obtain explicit expression of a triaxial neutral hyper 
para Kahler metric 

9 = fi(ei) 2 + f!(e,) 2 ~f 2 (e 3 ) 2 -f 2 dt 2 , 

where the forms e ! are given by (7.6). 

A particular solution is obtained by letting a\ = 03 = 0, C2 = j§ in(7.17) which gives 

1 r 2 

fi= fs = ^(a~r 4 )T, f 2 = — {a-r A )-T, f = r{a - r 4 )~i, -a < t 4 < a. 

The resulting neutral hyper para Kahler metric is 

1 r 2 ^ j- 

9= -(a- r 4 )i (d6 2 + sin 2 6d<f) - T (# + cosg#) T dr 2 . 

Z \ / 2(a — r 4 )4 v / (a — r 4 )* 

The group SU(l, 1). Let G3 = SU(1, 1) be defined by the structure equations 

(8.6) de 1 = -e 23 , de 2 = -e 31 , de 3 = e 12 . 
In terms of local coordinates the left invariant forms e l are given by 

(8.7) e 1 = dip ~ cos 8 dip, e = sinh i/jdO + cosh ip sin 0d<f>, e 3 — cosh ipdB + sinhip sin 0d(j). 

Clearly (8.2) are satisfied. We consider the SU(1, 1) structure as in (7.7). Using the structure equations 
(8.7), the evolution equations (8.3) reduce to the already solved system (7.8) with a general solution of the 
form (7.11). 
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A particular solution to (7.8) is given by (7.12), which results in a neutral hyper para Kahler metric in 
Eguchi-Hanson form given by 



9= 4 



dip — cos Odcpj + ^ sinh ipdO + cosh ip sin 9c 

- 4)( cosh ^ de + sinh V' sin 6d<p) -(l--^J {dtf 



Setting / 



h 



one obtains another neutral hyper para Kahler. Triaxial neutral hyper para Kahler 



metric can be obtained with the help of (7.13). 

The Heisenberg group H 3 . Consider the two-step nilpotcnt Hciscnberg group H 3 defined by the structure 
equations (7.18). The structure equations (7.18) reduce the evolution equations (8.3) to the already solved 
system (7.19) with a general solution (7.21). 

A particular solution is fx = fi = f = 1 3 , fz = — 1~ 5 . This is the neutral hyper para Kahler metric 



9 = t 



dr + dx 1 



1 r 
7 



l 



l 



dz — —xdy + —ydx 



Rigid motions of the Euclidean 2-plane. We consider the group E2 of rigid motions of Euclidean 
2-plane defined by the structure equations (7.22). Clearly (7.2) are satisfied. We evolve the structure as in 
(7.7). Using the structure equations (7.22), the evolution equations (8.3) take the form of the already solved 
system of ODEs (7.28) with a general solution (7.29). 



When f 2 = f 3 , fx = f we have 

/ = fx = — (a cos t + b sin t) 3 (a cos t — b sin t) 3 , f?, = 



(a cost + 6sint) 2 (a sint — 6 cos t) 2 . 



Introducing to and tq by letting ro = V a 2 + b 2 , cos to = a/Va 2 + b 2 and sin to = b/\/a 2 + b 2 , the resulting 
neutral hyper para Kahler metric can be put in the form 



■8) 9 



-(rgsin(t + t )sin(t - t )) 



dt J 



■(c 



2 >2 



r 2 sin 2 (t + t ) r 2 sin 2 {t-t Q ) 

where e 2 , e 3 are given by (7.22). 

In particular, setting a — b in (7.31) we obtain Tq = 2a 2 , sinto = costo = Taking r = t + j, the 
metric (8.8) can be written as 



a 2 • n ( 
— sm 2r 
4 V 



dr 2 



cot t I sin <fi dx — cos <fidy) — tan r ( cos (j>dx + sin (f>dy) . 



Rigid motions of Lorentzian 2-plane-Bianchi VIq metrics. Now we consider the group of rigid motions 
E(l, 1) of Lorentzian 2-plane defined by the structure equations (7.27). We evolve the structure as in (7.7). 
Using the structure equations (7.27), the evolution equations (8.3) turn into the solved system of ODEs 
(7.23) with the general solution given by (7.25). 
When/ 2 = / 3 " 1 , fx = f we have 

/ = fi = \{Ae l + Be-^iAe* - Be^ , f 3 = fe l = (Ae* + Be-'y^Ae' - Be"')*, 
and the neutral hyper para Kahler metric is 
1 



■9) 9 



-(A 2 e 2t 
4 



B 2 e- M ) 



dt 2 



2\2 



(Ae l - Be-*)' 



:(e 3 ) 2 



(Ae* + Be- 



where e 2 , e 3 are given by (7.27). 

In particular, setting A = B in (8.9) wc obtain 

g = — sinh 2t ( — dt 2 + d(f> 2 ^j + coth t ^ sinh <fi dx + cosh 4>dy) — tanh t ( cosh 4> dx + sinh dy 



QUATERNIONIC CONTACT STRUCTURES AND SPECIAL HOLONOMY METRICS 



25 



9. Hyper Kahler structures in dimension eight 
In this section we apply our method from Section 4.1. 

Let G7 be the seven dimensional solvable non-nilpotent Lie group defined by the following structure 
equations 

de 1 = e 17 + e 27 , de 2 = -e 17 - e 27 , de 3 = -e 15 + e 16 - e 25 + e 26 , de 4 = -e 16 - e 15 - e 25 - e 26 , 
(9 ' 1} de 5 = e 13 + e 14 + e 23 + e 24 , de 6 = -e 13 + e 14 - e 23 + e 24 , de 7 = 2e 12 . 

This is a solvable non nilpotent Lie algebra because [<?,<?] = gi is generated by e\ — e%, e$, e^, es, ee, er, 
[Si3i] = Si an d [51 3 <?i] = 0- The Sp(2)-hypo structure is determined by the equalities 

d(e 12 + e 34 + e 56 ) = 0, d(e 13 ~ e 24 + e 57 ) = 0, d(e 14 + e 23 + e 67 ) = 0. 

We consider the Sp(2) structure on g 3 x R + defined by the following 2-forms 

Fi(i) = e 4 (t) A e 2 (t) + e 3 (t) A e 4 (t) + e 5 (t) A e 6 (t) + e 7 (t) A f(t)dt, 

(9.2) F a (t) = e 4 (t) A e 3 (i) - e 2 (i) A e 4 (t) + e 5 (t) A e 7 (t) - e 6 {t) A /(t)di, 
F 3 (t) = e 1 ^) A e 4 (i) + e 2 (t) A e 3 (£) + e 6 (i) A e 7 (t) + e b (t) A f(t)dt. 

where f(t) is a function of t and e*(t) depend on t. A direct calculation shows that for the evolution 

(9.3) e\t) = -te 1 - (t + l)e 2 , e 2 (t) = -(t + lje 1 - ie 2 , e Q (i) = e Q , a = 3, . . . , 7, 

the corresponding forms F\(t), F2(t), F%(t) are closed. 
We consider the basis 

(9.4) e 1 = v^+e 2 ), e 2 = e 2 , e 3 = e 3 + e 4 , e 4 = e 3 - e 4 , e 5 = V^e 5 , e 6 = \/2e 6 , e 7 = -^e 7 . 

v2 

In this basis the structure equations (9.1) take the form 

(9.5) de^O, de 2 = -e 17 , de 3 = -e 15 , de 4 = e 16 , de 5 = e 13 , de 6 = -e 14 , de 7 = e 12 . 
Considering the triples (e 1 , e 2 , e 7 ), (e x ,e 3 ,e 5 ), (e 1 , e 4 , e 6 ), we obtain 

e 1 = dx 1 , e 2 = cosx 1 dx 2 — sinx 1 da; 7 , e 7 = (sinx 1 dx 2 + cosx 1 dx 7 ), 

(9.6) e 3 = — (sinx 1 dx 5 + cosx 1 dx 3 ), e 5 = cosx 1 dx 5 — sinx 1 dx 3 , 
e 4 = (sinx 1 dx 6 + cosx 1 dx 4 ), e 6 = cosx 1 dx 6 — sinx 1 dx 4 . 

For the hyper Kahler metric on G7 x K given by (7 = X) r =i er W 2 + <^ 2 the equations (9.4) and (9.6) yield 

6 

.g = (< 2 +t + l/2)(dx 1 ) 2 + 2(dx 2 ) 2 + 2(dx 7 ) 2 - \A2cosx 1 dx 1 dx 2 + V^sinx 1 dx 1 dx 7 + ^](dx s ) 2 + dt 2 . 

s=3 

When t = —1/2 the metric degenerates (ei — e2 is of zero length). The above metric is of constant zero 
curvature, but it is not complete. The 8-dimensional manifold becomes a product of the Euclidean K 4 with 
a four dimensional manifold M of vanishing curvature. 

One can consider also the following Sp(2) structure on G7 x R + 

F\t) = e\t) A e 2 {t) + e 3 (t) A e 4 (t) - e 5 (t) A e 6 (t) + e 7 (t) A h(t)dt, 

(9.7) F 2 (t) = e\t) A e 3 (t) - e 2 (t) A e 4 (t) - e 6 (t) A e 7 {t) + e 5 (t) A h(t)dt, 
F 3 (t) = e x (t) A e 4 {t) + e 2 (t) A e 3 (t) - e 5 (t) A e 7 {t) - e 6 (t) A h(t)dt, 

where h(t) is a function of t and e l (t) depend on t. A direct calculation shows that for the evolution 

(9.8) e 1 (t) = h 1 (t)e 1 , e a (t) = e a , a = 2, . . . , 7, h\ = -h 

the corresponding forms F 1 ^), F 2 (t), F 3 (t) are closed. The corresponding hyper Kahler metric g = 
J2l=i £r (*) 2 + dt 2 is fiat having the expression (u = hi(t)) 

g = w 2 (dx 1 ) 2 + {duf + {dx 2 ) 2 + (dx 3 ) 2 + (dx 4 ) 2 + (dx 5 ) 2 + (dx 6 ) 2 + (dx 7 ) 2 . 
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10. Appendix 1. Explicit quaternionic Kahler metric 

Substituting in (5.12) the equations (5.11) we obtain the following expression for the metric coefficients 
of the quaternionic Kahler metric (5.12) in coordinates 

{v 1 = t, v 2 = x, v 3 = y, v 4 = z, v 5 = X5,v 6 = xe, v 7 = xj, u 8 = u}: 

an = \u (au (x§ +xj+ x 2 .) + 4) , g u = -\u[au - l)x 5 , 
.913 = ^u(au — 1) [xq cos x ~ x-j sin x) , 

.914 = — \u(au — 1) (xf, cos y — siny (x§ sinx + X7 cos x)) , 515 = — \au 2 x$ 
.916 = -jau 2 x 6 , g 17 = -\au 2 x 7 , 

.922 = \u {o-u (xq + x 2 - + 4) - 4) , g 2 3 = \au 2 x 5 (x 6 cos x - x-j sin x) , 
.924 = \u (aux 5 sin y (xq sin x + X7 cos x) + cos y (au (x§ + x 2 + 4) — 4)) , 
.925 = \u(au - 1), g 2 6 = ~\au 2 x 7 , g 2 7 = \au 2 x 6 , 
933 = \u (2aux 2 + aux\ + aux 2 + 8au + 2aux§x-j sin 2x 

—au cos 2x (x 2 — x 2 ) — 8) , 
534 = \a,u 2 (x6 cos x — xj sin x) (2x5 cos y — 2 (xq sin x + X7 cos x) sin y) , 
.935 = — j&u 2 (xq sinx + X7 cosx) , 336 = ju((2 — 2au) cosx + 0^X5 sinx) , 
.937 = \u(2(au — 1) sinx + aux§ cosx), 

.944 = \u ((au (xq + x 2 + 4) — 4) cos 2 y + 4au sin 2 x sin 2 y — 4 sin 2 x sin 2 y 

+aux 2 , sin 2 x sin 2 x + aux 2 sin 2 x sin 2 x + aux^x^ sin x sin 2y 

+ cos 2 x sin 2 y (aw (x§ + x§ + 4) — 4) + aux$X7 cos x sin 2y 

—auxQX7 sin 2x sin 2 y) , 
.945 = j u (2(au — 1) cosy + au siny (xg cos x — X7 sinx)) , 
.946 = — j u (2 (ait — 1) sinx siny + au (X5 cosx siny + X7 cos(y))) , 
.947 = \u (au (X5 sinx siny + xq cosy) — 2(au — 1) cosx siny) , 
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11. Appendix 2. Explicit 5pm(7)-HOLONOMY metric 

Substituting in (6.11) the equations (5.11) we obtain the following expression for the metric coefficients 
of the Spin(7) metric (6.11) in coordinates 

{v 1 = t, v 2 = x, v 3 = y, v 4 = z, v 5 = X5,v 6 = xe, v 7 = xj, u 8 = u}: 

_ 2Qu^ 3 + (9u^ 3 +4a)(x 2 5 +x 2 6 +x 2 .) 2(u^ 3 +a)x b 
5ll — 20m 2 / 3 ' 5l2 — g77273 7 

2(m j / 3 +ci) (x® cos x— x~r sin x) 2(m 5 / 3 +(i) (x$ cos y— sin y (xq sin x+x^ cos x)) 

5l3 = 5 u 2/3 j 5l4 = 5„2/3 ) 

(9u 5/3 +4a)x 5 (9u 5/3 +ia)x 6 (9u 5/3 +4a)x 7 

.915 = 20m 2 / 3 ' 516 = 20m 2 / 3 ' 517 = 20m 2 / 3 ' 

16(u 5/3 +a) + (9u 5/3 +4a)(:r 2 .+:E 2 .) (9M 5 / 3 +4a)a;5(a; 6 cosx-x 7 sin x) 
.922 = 207^ » -923 = 20^73 . 

XG(u 5 ' 3 -j-a) cos y+^9u 5y/3 +4a^ ^5 sin y{x§ sin x-\-xj cos x)-\-(x^-\-x^\ cos y\ 
924 = 5^273 , 

2(« 5/3 +a) (9M 5/3 +4a)a;7 (9u 5/3 +4a)x 6 
.925 = 577573 , 526 = 207^73 1 527 = 2077573 , 

16(u 5/3 +a) + (9u 5/3 +4a)[x1+xl+x 2 -(x 6 cosx-x 7 sins) 2 ) 
.933 = 20ti 2 / 3 ' 

(9M J / 3 +4a) (x q cos x—xj sin x){— a; 5 cos y+XQ sin x sin y+xy cos a: sin(y) 
.934 = 20m 2 / 3 ' 

(9u 5 / 3 +4a)(a; 6 sin x+x 7 cos x) (9m 5 / 3 +4a)x 5 sin x— 8(m 5 / 3 +ci) cos x 

935 = 20m 2 / 3 ' -936 = 20m 2 / 3 ' 

8(M 5 /' 3 +a) siniE+(9M 5 / 3 +4a):E5 cosi 
537 = 20m 2 / 3 ' 

4(m 5 / 3 +o) (9M 5 / 3 +4a)a;5 sin 2y(x 6 sin x+x 7 cos a:) 
.944 = 577573 20m 2 / 3 

(9M 5 / 3 +4a) ((xg+2; 2 ) cos 2 y+(x 2 + {xQ cos a: — 3:7 sin a:) 2 ) sin 2 m) 
20m 2 / 3 ' 

2(u 5 / 3 +a) cos y (9u 5 / 3 +4a) sin y(xe cos X—X7 sin a:) 
.945 = 5-77273 I 20m 2 / 3 ' 

2(M J / 3 -fa) sin a: sin y (9M 5 / 3 +4a) (3:5 cos x sin y+a;7 cos y) 
546 = 577573 20m 2 / 3 ' 

(9u 5 / 3 +4a) (a?5 sin x sin M+a;6 cos y) 2(M°/ 3 +a) cos x sin y 
.947 = 20m 2 / 3 EkT 2 /^ ' 

g u 5/3_|_4 a 5u 2 / 3 
.955 - .966 - 577 - 20m 2 / 3 ' 388 - 36 ( M 5/3 +a ) 

11.1. Holonomy of the Spin(7) metrics. Let us consider the Lie group (3.2) and the metric 

g = u ((e 1 ) 2 + (e 2 ) 2 + (e 3 ) 2 + (e 4 ) 2 ) + (( m f + ( m f + (, 3 ) 2 ) + ^^jr^. 

Since 771 = e 5 , 772 = e 6 and 773 = e 7 , the metric can be written as 

g = (^e 1 ) 2 + (V^e 2 ) 2 + (V^e 3 ) 2 + (^e 4 ) 2 + (g(u) e 5 ) 2 + ( 5 (u) e 6 ) 2 + («?(u) e 7 ) 2 + ( ^rdu) , 



where the function g(u) is given by g(u) = y 20 « 2 / 3 ' From now on ' we snau work with the orthonormal 
basis 

{7 1 = y^e 1 ,! 2 = V^ 2 ,7 3 = V^e 3 , 7 4 = V^e 4 , 7 5 = 5(«) e 5 ,7 6 = ff(u) e 6 ,7 T = e 7 ,7 8 = Tf^ri- 

6.9W 

The curvature 2-forms of the Levi-Civita connection with respect to the basis {7 1 , . . . ,7 s } are: 



u 




g(u)(18ug'(u)- 


-<?(«)) 


u 2 

g(u)(18ug'(u)- 


-<?(«)) 


u 2 




9g(u)(2ug' (u)- 


-gM) 
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1 u+12 g(u) 2 12 _ 6g(u)(2ug'(u)-g(u)) 58 _ 1 u+4 g(u) 2 6 7 
u 2 ' ' 2u 2 ' 

l M +12g(n) 2 „,i 3 lM+4g(u) 2 „, 57 6g(u)(2u g '( M )- g (tt)) _ 6 8 
u 2 ' "I" 2tt 2 ' u 2 I 

l«+12g(«) 2 .,14 _ lM+4g(M) 2 „56 , 6g(M)(2ug'(M)- g (tt)) _78 
„2 7 2u 2 ' " + " u 2 ' 

g(-u)(18Mg'(M)-g(M)) 15 , 3 g (M)(2 Mg '(u)- g (u)) 28 , 1 "+4 g(«) 2 37 _ lu+4g(u) 2 46 
' n TP ' n ITP ' ITP ' 

16 _ lM+4g(«) 2 27 I 3g(u)(2ug' (u)-g(u)) „ i38 1 tt+4 g(«) 2 „,4 5 

7 4 „2 7 t u 2 7 t 4 „2 7 

17 , lM+4g(«) 2 26 _ l «+4g(«) 2 ^35 3g(«) (2«g' (u)-g(u)) _,48 

7 T 4 „2 7 4u 2 7+ „2 7 

18 _ 3g(u)(2ug'{u)-g(u)) 25 _ 3g(n)(2-ug'(M)-g(u)) 36 _ 3 g (n)(2-u g '( M )- g (u)) 4 
' u 2 ' u 2 ' u 2 ' 

l«+12g(«) 2 „23 _ l«+4g( M ) 2 _,56 , 6g(«)(2«g'(M)-g(M)) „,78 
u 2 7 2« 2 7 T M 2 7 

lM+12g(Q 2 24 _ l«+4g( M ) 2 „,57 _ 6g(u)(2ug' (u)-g(u)) „, 6 8 
it 2 ' 2tt 2 ' u 2 I 

3g(u)(2ug' (u)-g(u)) 18 _ g(u)(18ug' (u)-g(u)) 25 _ lu+4g(M) 2 36 _ lu+4g(u) 2 47 
u 2 1 u 2 I iu 2 ' 4u 2 ' 

lM+4g(«) 2 17 _ g(M)(18-ug'(M)-g(n)) 26 , l«+4g(u) 2 35 _ 3g(n)(2u g '( M )- g (M)) 4 8 
4u 2 ' ^ ' 4u 2 ' TP ' 

l«+4 g (tt) 2 ^,i 6 g(u)(18Mg'(M)-g(u)) .,27 , 3g(u)(2ug' (u)-g(u)) .,38 , 1 u+4 g(u) 2 .,45 

ITP 7 ^ 7 + ^ 7 H 7 

3g(M)(2Mg'(M)-g(M)) 15 _ 9g{u) (2ug' (u)-g(u)) 28 _ 3g(u)(2ug' (u)- g(u)) 37 3g(«) (2 M g' (tt)-g(M)) 46 

TP ' TP ' TP ' TP ' 

lM+12g(M) 2 „ i 34 6g(u)(2ug'(M)-g(tt)) .,53 _ 1 M+4g(u) 2 „,67 
u 2 7"T „2 7 2u 2 7 

lM+4g(«) 2 „,17 , l«+4g( M ) 2 .,26 g(tt)(18«g' (tt)-g(«)) .,35 , 3g(M)(2Mg'(u)-g(M)) „, 48 

ITP 7 H 4^ 7 ^ 7 H ^ 7 

3g(u)(2ug'(u)-g(u)) 18 _ l«+4g(u) 2 25 _ g(»Q(18Mg'(u)-g(u)) 36 _ lu+4g(u) 2 47 

' 47? ' 5? ' ITP ' 

lu+4g(u) 2 .,15 _ 3g(u)(2ug'{u)-g(u)) 28 _ gQ)(18-ug'(«)~g(")) 37 , l«+4g(«) 2 46 

ITP ' TP ' TP ' n ITP ' 

3g(u)(2ug' (u)-g(u)) „,16 , 3g(u) (2ug' (u)-g(u)) „,27 9g(u)(2ug' (u)- g(u)) 38 3g(u) (2ug' (u)-g(u)) .,45 

^ 7 H ^ 7 ^ 7 TP 7 

lM+4g( t i) 2 „ i i6 , lM+4g(ti) 2 27 3g(n)(18Mg' (u)-g(u)) ^,38 g(n)(18«g' (n)-g(«)) ^,45 

7 H 4^ 7 ^ 7 5P 7 

lM+4g( M ) 2 15 3g(M)(2 M g'(M)-g(u)) 28 , 1 «+4 g(u) 2 ^,37 g ( M )(18Mg' (u)-g(u)) ^,4 6 
4^ 7 H ^ 7 + 4^2 7 ^ 7 

3g(u){2ug'(u)-g(u)) „,18 _ lM+4g(tt) 2 25 _ 1 »+4 g(«) 2 „,36 _ g(u)(18ug' (u)-g(u)) „,47 

^I 2 ' 4H 2 ' ' TP ' 

3g(u)(2ug' (u)-g(u)) 3g(u)(2ug' (u)-g(u)) „,26 , 3g(u)(2ug' (u)-g(u)) „,35 9g(u) (2ug' (u)-g(u)) „,48 

^ 7 ^ 7 H ^ 7 TP 7 

l«+4g(M) 2 ^,l4 _ lit+4g(«) 2 „,23 _ (24 g(«)g' (n) + A 2 + M 2 )(24 g(u)g' ( M )-A 2 - M 2 ) „, 56 
2^ 7 2H 3 7 16g(«) 2 7 

l«+4g(u) 2 „,i3 _ l«+4g(M) 2 „,24 _ (24g( M )g'( M )+A 2 +M 2 )(24g(n)g'( M )-A 2 - M 2 ) 57 
2« 2 7 2 « 2 7 16g(«) 2 7 

6fl(n)(2V( U )- g (n)) 7 i2 + 6 fl (u)(2ugJ( M )- fl (n)) ^4 _ 36 ( fl /( u )2 + (^68 

l«+4g(u) 2 12 _ l M +4g(u) 2 „ 34 _ (24 g(u)g' (u) + A 2 + M 2 ) (24 g(u)g' (u)- A 2 - M 2 ) 6 7 
2u 2 ' 2« 2 ' 16g(«) 2 r 
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^6 = 6 g (n)(2«g>)- g (n)) 7 i3 _ 6 g (»)(W(«)-g(t»)) j2A „ 36 (</( W ) 2 + g ( W ). 9 "( U )) 7 68 
^7 = 6 fl (n)(2ng>)- fl (n)) 7 i4 + 6 g («)(2V( M )- g (u)) ^3 _ 36 ( 5 '( u )2 + ^(uja"^)^™ 

First of all, using that = \/ ^Om^ 7 ^' fr° m these expressions one can check directly that the metric 
is Ricci flat because 

RicpQ, x 3 ) = n}(jfi, j:o + • • • + n|(jr 8 , - o, 

for any i, j = 1, . . . , 8 and for any a, where {Xi, . . . , Xg} denotes the dual basis of {7 1 , . . . , 7 s }. Now, one 

can evaluate the coefficients above using that g(u) = It turns out that all the coefficients above 

are nonzero when a ^ and A 2 + fi 2 ^ 0. It is clear that the first 9 curvature forms, i.e from Vl\ to O 2 , are 
independent. The form fl§ is independent from the previous ones, except possibly for fig. But if fig and 
f2 2 were proportional then, from the coefficient in 7 18 , the factor of proportionality should be equal to 3 
and this is not the case for the coefficients in 7 25 . So we conclude that 0§ is independent from the previous 
ones. Similar argument allows to prove that fl^, f2 2 and Og are also independent from the previous ones. 
The form f2| is clearly independent from the previous ones. So, at this moment we have 14 independent 
curvature forms. Let us consider now the curvature form Qf. This form could be dependent only of f^ and 
f2|. Suppose that a$l\ +/3f2| = j,Of for some a,/3. Then, from the coefficients of 7 s8 in these curvature 
forms we get that j3 = —a, but then from the coefficients of 7 s7 we conclude that flj is independent from 
the previous ones. A similar argument can be applied to fig to get another independent form. 

Therefore there are at least 16 independent curvature forms and this implies that the holonomy is equal 
to Spin(7). 
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